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s(x): [EIZEFRZR
w(x) : ~FIEFIEFH

s@)=psx—1)+(1 =p)s(x+ 1)

x—1)

7(x

):PS(

s(x)

glx) = 1(x) s(x)

t(x—1)+

1

— P

(l—p)s(x-l—l)

s(x)

s(x)

s(x+1) 7
4
1 0

t(x+1)+1

s(x)

1=p s(x—1)

glx)=pglx—1)+(1-p)g(x+1)+s(x)

glx+1)| [1=p 1=p 1-p g(x) p=1/2HF
g(x) 1 0 0 0 |lg(x—1) B

s(x+1) 0 0 1 —p s(x) s(x) =1—x/L
s(x) 0 0 l_lp lz)p s(x=1) (x)=2Lx/3-x*/3
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DNA sequence
ATGCCCGGAATTTGCT >  1100000011111001
]
g, =u"(1—u)"" h; ;: Hamming distance between i and ;.
(t+1) Z g, [ X,(1t) Quasi-species equation

Single Peak fitness landscape: F; ;= (f,0,,+ 1)J; ;

Transfer matrix: T=q - F

This is a full matrix.

The stationary state of the system
corresponds to the eigenvector of the
matrix with the largest eigenvalue.



L L]

KK

PSR A51).

Schrodinger 52

Ve p+ 2BV (x)] =0

Ep=—V’¢p+V ¢

— 4 2m=nh

:%(¢L+¢R+¢U+¢D—4(/))+ Vix,y)¢ a: lattice spacing

a

b =T T, .= 1if jis the left neighbor of i, 0 otherwise

On a 32x32 lattice, we need 015
to find the eigensystem of a

1024x1024 matrix.

This is a sparse matrix.

0.1

-0.05
-0.1
-0.15
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e Power iteration
* QR algorithm

see http://en.wikipedia.org/wiki/List_of numerical _analysis_topics#Eigenvalue algorithms
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« LAPACK: for dense matrix

 ARPACK: sparse matrix
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Table 2.5: Driver routines for standard eigenvalue and singular value problems

‘ Type of HFunction and storage scheme H Single precision H Double precision H
problem real complex Hreal H complex H
~ SEP  simple driver SSYEV CHEEV _DSYEV  ZHEEV
AN .
divide and conquer driver SSYEVD | CHEEVD ﬁ ‘ﬁ‘@ L A PAC K U Se rS' G u |d e
expert driver SSYEVX | CHEEVX .
_ http://www.netlib.org/lapack/lug/node32.html
RRR driver SSYEVR | CHEEVR
Y, Y
simple driver (packed storage) SSPEV CHPEV @ Tk }EH E]/j ? %ﬁ
divide and conquer driver SSPEVD CHPEVD DSPEVD | ZHPEVD
(packed storage)
expert driver (packed storage) SSPEVX | CHPEVX DSPEVX |ZHPEVX
simple driver (band matrix) SSBEV CHBEV DSBEV ZHBEV N oy o
7 .
divide and conquer driver SSBEVD CHBEVD DSBEVD ZHBEVD /ff )EH Fortran ii_tﬁ /"{E =
. « Fortran HJZ2:87/ call by
(band matrix)
driver (band iX) SSBEVX CHBEVX DSBEVX ZHBEVX reference : Y_‘ C ﬁ ++ E[:l
expert driver (band matrix ég L)L fl:b*@ /f% :\[354 o
25 H/as 153
. . e . JIA
simple driver (tridiagonal matrix) SSTEV DSTEV e Fortran E/‘j I}iﬁ” *%—E/ = %’ [ B
divide and conquer driver SSTEVD DSTEVD 1 Eﬂ ZZA
(ringonal mate - ARSI R T
expert driver (tridiagonal matrix) SSTEVX DSTEVX %':: él l i &
RRR driver (tridiagonal matrix) SSTEVR DSTEVR
" NEP  simple driver for Schur factorization ~ SGEES ~ CGEES  DGEES  ZGEES
expert driver for Schur factorization SGEESX | CGEESX |DGEESX |ZGEESX
simple driver for eigenvalues/vectors SGEEV CGEEV DGEEV | ZGEEV
expert driver for eigenvalues/vectors SGEEVX | CGEEVX DGEEVX |ZGEEVX
~ SVD  simple driver 'SGESVD CGESVD DGESVD | ZGESVD
divide and conquer driver SGESDD CGESDD |DGESDD |ZGESDD



http://www.netlib.org/lapack/lug/node32.html

DGEEV (3lapack)

NAME

LAPACK-3

DGEEV man page

LAPACK driver routine (version 3.3.0) DGEEV (3lapack)

- computes for an N-by-N real nonsymmetric matrix A, the ei-

genvalues and, optionally, the left and/or right eigenvectors

SYNOPSIS

SUBROUTINE DGEEV( JOBVL, JOBVR, N, A, LDA, WR, WI, VL, LDVL, VR,

LDVR,
WORK, LWORK, INFO )

CHARACTER JOBVL, JOBVR
INTEGER INFO, LDA, LDVL, LDVR, LWORK, N
DOUBLE PRECISION A( LDA, * ), VL( LDVL, * ), VR( LDVR, * )

PURPOSE

DGEEV computes for an N-by-N real nonsymmetric matrix A, the

WI( * ), WORK( * ), WR( * )

eigenval-

ues and, optionally, the left and/or right eigenvectors.
The right eigenvector v(j) of A satisfies

A * v(j) = lambda(j) * v(j)

where lambda(j) is its eigenvalue.
The left eigenvector u(j) of A satisfies

u(j)**H * A = lambda(j) * u(j)**H

where u(j)**H denotes the conjugate transpose of u(j).
The computed eigenvectors are normalized to have Euclidean norm
equal to 1 and largest component real.

ARGUMENTS
JOBVL

JOBVR

LDA

(input) CHARACTER*1
= 'N': left eigenvectors of A are not computed;
= 'V': left eigenvectors of A are computed.

(input) CHARACTER*1
= 'N': right eigenvectors of A are not computed;
= 'V': right eigenvectors of A are computed.

(input) INTEGER
The order of the matrix A. N >= 0.

(input/output) DOUBLE PRECISION array, dimension (LDA,N)
On entry, the N-by-N matrix A.
On exit, A has been overwritten.

(input) INTEGER

The leading dimension of the array A. LDA >= max(1,N).

WR

VL

LDVL

VR

LDVR

WORK

(output) DOUBLE PRECISION array, dimension (N)

WI (output) DOUBLE PRECISION array, dimension (N)
WR and WI contain the real and imaginary parts,
respectively, of the computed eigenvalues. Complex
conjugate pairs of eigenvalues appear consecutively
with the eigenvalue having the positive imaginary part
first.

(output) DOUBLE PRECISION array, dimension (LDVL,N)

If JOBVL = 'V', the left eigenvectors u(j) are stored one
after another in the columns of VL, in the same order

as their eigenvalues.

If JOBVL = 'N', VL is not referenced.

If the j-th eigenvalue is real, then u(j) = VL(:
the j-th column of VL.

If the j-th and (j+1)-st eigenvalues form a complex
conjugate pair, then u(j) = VL(:,j) + i*VL(:,j+1) and
u(j+1) = VL(:,j) - 1i*VL(:,j+1)

3

(input) INTEGER
The leading dimension of the array VL.
JOBVL = 'V', LDVL >= N.

LDVL >= 1; if

(output) DOUBLE PRECISION array, dimension (LDVR,N)

If JOBVR = 'V', the right eigenvectors v(j) are stored one
after another in the columns of VR, in the same order

as their eigenvalues.

If JOBVR = 'N', VR is not referenced.

If the j-th eigenvalue is real, then v(j) = VR(:,j),

the j-th column of VR.

If the j-th and (j+1)-st eigenvalues form a complex
conjugate pair, then v(j) = VR(:,j) + i*VR(:,j+1) and
v(j+1l) = VR(:,j) - 1*VR(:,j+1)

(input) INTEGER
The leading dimension of the array VR.
JOBVR = 'V', LDVR >= N.

LDVR >= 1; if

(workspace/output) DOUBLE  PRECISION array, dimension

(MAX(1, LWORK) )

LWORK

INFO

1£ CP1 SSH fAflk 7% . 7] H man dgeev K152 I

On exit, if INFO = 0, WORK(1l) returns the optimal LWORK.

(input) INTEGER

The dimension of the array WORK. LWORK >= max(1,3*N), and

if JOBVL = 'V' or JOBVR = 'V', LWORK >= 4*N. For good
performance, LWORK must generally be larger.

If LWORK = -1, then a workspace query is assumed; the routine
only calculates the optimal size of the WORK array, returns
this value as the first entry of the WORK array, and no error
message related to LWORK is issued by XERBLA.

(output) INTEGER

= 0: successful exit

< 0: if INFO = -i, the i-th argument had an illegal value.

> 0: if INFO = i, the QR algorithm failed to compute all the

eigenvalues, and no eigenvectors have been computed;
elements i+1:N of WR and WI contain eigenvalues which
have converged.



#include <iostream>
#include <cmath>
extern "C" void dgeev_(char * jobvl, char * jobvr, int * n, double * a,
int *1da, double * wr, double * wi, double * vl, int * 1dvl,
double * vr, int * 1dvr, double * work, int * Iwork, int * info);
size tlen;
double mrate, peak;
int hamming_dist(size_t i, size_tj)
{
// count the difference in bits, assume 15 bits maximum
/[ using MIT HAKMEM count
ntb=17j;
size tk=b-((b/2)&14043)-((b/4) & 4681);
b=(k+k/8)&29127) % 63;
return b;
}
void set_matrix_eigen(double mat [])
{
size tmsz = 1u <<len;// 2Alen
// mutation matrix
for (size_tj=0;j<msz;j++) for (size_ti=0;i<msz;i++){
int hd = hamming_dist(, j);
mat[j * msz +1i] = pow(mrate, hd) * pow(1 - mrate, len - hd);
}
/[ right multipling by the growth matrix
/| and subtracted by the identity
for (size ti=0;i<msz;i++) {
mat[i] *= peak;
mat[i * msz +1i] -=1;

} int main(int arge, char ** argv)

{
len = 8; mrate = 0.1; peak = 2;
size_tmsz =1 <<len;
double ev[msz], gr[msz];
mutmat(ev, gr);
double norm = 0;
for (size_ti=0;1<msz;1++) norm += gr[i];
std::cout << "peak=" << gr[0] /norm <<"\n’;

return 0;

vold mutmat(double eigenv [], double ground [])
{
int msz = 1u << len; // 2A\len
double * mat = new double [msz * msz];
double * wr = new double [msz];
double * wi = new double [msz];
double * vr = new double [msz * msz];
int * evo = new int [msz];
int lwork = 64 * msz;
double * work = new double [lwork];
set_matrix_eigen(mat);
char jobvl = 'N', jobvr = 'V
double dummy;
int info, 1dvl = 1;
dgeev_(& jobvl, & jobvr, & msz, mat, & msz, wr, wi,
& dummy, & ldvl, vr, & msz, work, & lwork,
& info);
if (info) {
std::cerr << "info=" << info << "lwork=" << Iwork
<< ", optionallwork=" << work[0] << "\n';
return;

HEH eigenvectors

}
/[ sort the eigenvalues
for (inti=0;i<msz;i++)evo[i] =1
for (inti=0;1<msz;i++) for (intj=1+1;j<msz;j ++) {
if (wr[evolj]] > wr[evol[i]]) {
intk =evoljl;
evol[j] = evoli];
evoli] = k;
}
}
for(inti=0;i<msz;i++){
eigenv([i] = wr[evoli]];
ground/[i] = vr[evo[0] * msz + iJ;
}
delete [] mat; delete [] wr; delete [] wi;
delete [] vr; delete [] evo; delete [] work;

}

for (size t1=10;1i< 8;1++) std::cout << "ev" <<i<<'='<<ev][i] <<'\n';




Projection to symmetric subspace

As the dynamies of the system defined above is invariant under permutation of the base pairs in a sequence, it can be properly projected to the
svmmetric subspace where sequences in the population are only characterized by their hamming distance A from the dominant sequence.

Consider the transition rom h=ntw h=m >

n. We need to mutate m — n more base pairs that are identical to what are in the dominant

species (2.e., n base pairs) than those that differ from them (Z.e., L — n base pairs) in the original sequence. Summing up all different ways of
mutating the base pairs, we arrive at the clement of the mutation matrix

q}?l.??,
(1—u)"

Uu

C“nz m—n—+2
(1 - u)

)'EL—m—n

CYL—I?, C“frz

m—r

( U
1—u

m—mn I
—n
) + CW‘m +1—n

e (L
1—u

—im

U m—n+2i
CYL—I?, C:z ( )
Z m—n4+i—i 1 —u
Lil (L —n)!n! ( u )”‘_’3““5 (1)
= (m—-—n+i)(L-m—2i)lil(n—1:i)! \1—-u

while the growth matrix is now F,,, = (fadmo+ 1) ,nn. We can casily calculate the eigen system of such a matrix up to L = 170. Following is

a plot of the cigen values of the reduced (L + 1) x

(L + 1) matrix comparcd with the original full 2% x 2% matrix at L = 10.
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_1 1 L0 ol 1 L1 sl ““Eg“ﬁ“g“gx\k R
0.01 0.1 | 10

scaled mutation rate «L/In(1+f,)

We see an exact match of the eigen values of the reduced matrix to those of the full matrix and some additional cigenvalues of the full matrix
not matched by the reduced ones that are likely corresponding to non-svmmetric modes of decay.
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