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ABSTRACT: Using Monte Carlo simulations we study the association of flexible oligomers terminated by a
donor and an acceptor group capable of orientationally specific reversible bonding. On the basis of simulation
results, we have obtained equilibrium constants for chain growth and ring closure. These constants were employed
in an analytical model, which reproduces the large-scale simulation results very well. We also propose an analytical
approach which can be used to analyze experimental data or make predictions of molecular weight, chain/ring
distributions, etc., which are hard to obtain experimentally. Our simulation and analytical results show that an
increase of orientational specificity of reversible bonding decreases the degree of association and molecular weight
and leads to the suppression of small rings. As a result the ring-chain crossover concentration (i.e., the concentration
at which the number of reversible bonds in chains and rings coincide) decreases and exhibits a maximum as a
function of oligomer lengthN. With a decrease in the energy of reversible association or increase in temperature
the ring-chain crossover shifts to lower concentrations and molecular weight either systematically decreases if
the system is in the chain-dominated regime (high concentrations) or increases and exhibit a maximum if the
system is in ring-dominated regime (low concentrations). Higher orientational specificity of association in
combination with a short spacer length ensures a larger value of the molecular weight at its maximum which is
reached at lower temperatures and higher oligomer concentrations. These results are supported by recent
experimental observations and can be explained based on the oligomer redistribution between chains and rings
near the ring-chain crossover.

1. Introduction

Supramolecular polymers, a new class of self-assembling
polymeric materials which employs different types of association
motifs (metal-ligand coordination bonds, (self)complementary
hydrogen bonded arrays, biorecognition-based complexes), have
been introduced by chemists during recent decades and have
become a center of growing attention among polymer scientists.1-6

The self-healing nature and responsiveness of these polymers
to temperature, external fields, etc. implies a large range of
potential applications in the general area of “smart materials”
or in devices that effect energy, electron or ion exchange.

Taking into account that noncovalent associations is the
central element of the “nature” of supramolecular polymers, their
properties are ruled by the principles of self-assembly to a much
larger extent than for traditional chemically bonded polymers.
For instance, depending on the association motifs the supramo-
lecular polymers may have preference for formation of com-
plexes of a particular size/architecture. Also the orientational
specificity for end group association may vary depending on
the type of association. Physically this implies that the sections
of the self-assembled polymer chains adjacent to associated
groups have to keep some particular orientation with respect to
each other to maintain the association and thereby become
effectively more rigid. To some extent the effects of rigidity
are not new for condensation polymerization theory- different
analytical approaches7-12 and simulation techniques12-14 were
employed to study effects of rigidity on polymerization of chains
and especially rings. However in all these approaches rigidity
is either considered to be the same for all bonds13-15 or averaged
over the whole polymer.9,10This effect can also be incorporated
within the equilibrium constants, which can be different for each

ring size. Supramolecular polymers represent a special case in
which a spacer can be flexible, but the orientational specificity
of associating groups may enforce local rigidity on the polymer.
In the present paper, using Monte Carlo simulations in combina-
tion with an analytical approach, we intend to address various
aspects of the behavior of head-to-tail associating supramo-
lecular polymers which are influenced by the degree of
orientational specificity of the association.

So far the experimental observations concerning self-assembly
of reversibly associated polymers have been analyzed in the
framework of classical condensation polymerization theory,7,8,12

equilibrium ring-opening polymerization model,16,17 or more
recent models by Cates18 and Ercolani.11 The model by
Ercolani11 can readily be applicable for supramolecular poly-
mers, except it requires knowing ring-chain equilibrium
constants for a range (up to 30) of smaller size rings plus two
more constants for all larger rings and all chains. While solution
of the proposed equations is rather straightforward, to obtain
so many equilibrium constants from experimental measurements
is rather cumbersome, taking into account that even the
determination of the molecular weight represents a challenge
for such “living” polymers.5,19Another technical problem is that
the ring-chain equilibrium constant for larger rings is often
theoretically estimated based on Gaussian statistics,7,11,16,17,20,21

although supramolecular polymers formed by self-assembly of
a flexible spacers in a good solvent often behave more like
chains with excluded volume than Gaussian chains. Associating
monomers with excluded volume have been studied in consider-
able detail in computer simulations,12,13,15,22,23although in these
cases orientational specificity either was not considered22,23 or
it was applied to all monomers (oligomer size one).13-15

Experimentally, there have been collected a range of interesting
observations,5,20,24which require a more comprehensive model* Corresponding author. E-mail: eed@case.edu.
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to gain physical insight into these phenomena. For instance,
the experimentally observed increase in viscosity with temper-
ature5,24 was either explained based on analogy with ring-
opening polymerization or using a combination of equilibrium
constants as fitting parameters for an analytical model employing
Gaussian statistics for rings, which would qualitatively agree
with experimental results.20 Still a detailed theoretical consid-
eration of this effect for supramolecular polymers, exhibiting
some excluded volume effects and more importantly having
different rigidity of spacers compared to associating groups, is
lacking.

In this paper we propose an analytical approach to account
for orientational specificity of supramolecular polymer associa-
tion without using the assumption of Gaussian statistics. Instead
we will use results of Monte Carlo simulations for flexible
oligomers of different lengths terminated by a donor and
acceptor group capable of orientationally specific reversible
bonding with each other (Figure 1). We note that while some
experimental systems involve similar architectural concept,
others use self-complementary units.4,5,24,25The results presented
here for bulk properties of supramolecular polymers are ap-
plicable for both cases, with the only correction for self-
complementary groups is that their equilibrium constants are
twice larger (reflecting the fact that the number of associating
groups is twice larger for self-complementary units). Varying
the orientational specificity and concentration of oligomers we
will obtain and analyze the equilibrium constants for ring and
chain formation. On the basis of these results, we will propose
a simplified analytical model which can be readily used to
analyze experimental results and make predictions regarding
the degree of association, molecular weight and ring-chain
crossover concentration. We will also study the effect of
orientational specificity, oligomer length and association energy
(temperature) on the ring/chain population, molecular weight
dependence and ring-chain crossover concentration. These
results will be compared with available experimental data, in
particular the comparison will be made between the predicted
maximum in the molecular weight temperature dependence and
observed maximum in viscosity of hydrogen-bonded supramo-
lecular polymers.5,24

This paper is arranged in the following way. In the next two
sections, we will briefly discuss our simulation and analytical
approaches. Then the results of simulations for the equilibrium
constants of chain growth and ring closure via a reversible bond
will be presented. This will be followed by the discussion of
the simulation results in comparison with an analytical model
for the degree of association and ring/chain population. In this
section, we will also introduce our simplified model, which can
be used to analyze/predict experimental results. We will continue
with a discussion of the influence of orientational specificity
of association on the ring-chain crossover concentration as a
function of oligomer chain length and energy of association (or
temperature). We will also discuss the molecular weight
dependence on concentration, orientational specificity and
temperature, making comparison with experimental results when
appropriate. Finally we summarize our main findings in the
Conclusions section.

2. Simulation Methods

To study the effect of orientational specificity of the association
on self-assembly of head-to-tail reversibly associating polymers we
applied the bond-fluctuation model (BFM) using Monte Carlo
simulations.26,27Each simulation setup consisted of a fixed number
N of identical oligomers. Within the framework of BFM, an
oligomer was modeled as a series ofN monomers joined by totally
flexible covalent bonds. Each oligomer contains at the ends one
donor and one acceptor, capable of reversible association with each
other. Formation of each reversible bond decreased the system
energy by∆Eassoc) 8kT. To model the orientation specificity of
reversible bonding we have considered a weighting factor for
formation of a reversible bond for a given angleθ, P(θ) ) exp[-
B(1 - cosθ)], where the rigidity parameterB (defined in units of
the Boltzmann constantk) is assumed to be independent of
temperature.28 As is seen from Figure 1, there are two such angles
to consider for each reversible bond. We note that all permanent
chemical bonds within the oligomer were considered to be totally
flexible; i.e., there was no entropic penalty for bending any of them.
We used a cubic lattice of lateral size 64a or 128a, (with a being
the unit lattice spacing), with periodic boundaries in all three
directions to prevent surface effects. Volume exclusion between
monomers and bond length constrains were subject of the standard
BFM rules (l ) 2a, x5a, x6a, 3a, x10a)26,27 while each
monomer occupies an effective volume of 8a3.

The system was brought to an equilibrium through a Monte Carlo
algorithm consisting of a series of random updates (MC steps). Each
MC step consisted ofNN monomer displacement attempts. The
reversible bonds were considered to be the same as covalent bonds
during such moving attempts. Additional bonding updates (including
cleavage of a reversible bond (if any) and formation of a new
reversible bond (if any)) were performed following all moving
attempts of donors.29 If a donor was reversibly bonded prior to the
move, this reversible bond will be broken and bonding update will
be performed: if there are free acceptors in a bonding distance
from the donor, a reversible bond is formed with an available free
acceptor with the probabilityCP(θ)e∆Eassoc/(kT), or no bonds will be
formed with probabilityC ) (1 + ∑i)1

Na P(θ)e∆Eassoc/(kT))-1 (whereNa

is the total number of available free acceptors for this donor). As
a result of the bonding update a new reversible bond can be formed
or old one restored or no bonds formed at all depending on the
corresponding probabilities. We note that this method of bonding
update is different from the commonly used Metropolis algorithm
but it also satisfies detailed balance. As the new bonding config-
uration of the system is directly drawn from the Boltzmann
probability distribution, the system has a minimal potential barrier
for the bonding-unbonding event in this case30 resulting in fast
equilibration for the reversible bonding. A system was allowed to
equilibrate for 222 MC steps and equilibrium data were measured
and averaged over subsequent MC steps. In system simulations we

Figure 1. Schematic presentation of reversibly associated polymers
(chains and rings) self-assembled from oligomers consisting of flexible
spacers terminated by donor and acceptor groups capable of formation
of orientationally specific reversible bonds. There are two anglesθ1

and θ2 for each complex, which are used to characterize the mutual
orientation of the segments adjacent to the donor and acceptor groups.
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recorded the average number of species of sizei distinguishing
between linear chains Ci and rings Ri. From these data, we
calculated the equilibrium molecular weight, degree of association
and ring/chain distributions for a system. The same simulation
technique was applied to study conformations of a single oligomer
(for details, see the Supporting Information), which was used to
determine the equilibrium constants for ring and chain formation,
as discussed below.

3. Analytical Model

As we discussed in our previous paper,29 the overall degree
of association in head-to-tail reversibly associated system can
be described by the following simple equation:

with ∆Fassocbeing the free energy change for formation of a
reversible bond,p is the overall degree of association between
a donor and an acceptor groups,V is the reference volume
(discussed below) andV is the total volume of the system. This
equation works reasonably well at high polymer concentration,
but fails to describe correctly the low concentration regime
where ring formation becomes important. In this paper, we will
consider more general approach which accounts for ring
formation. Considering the individual equilibria between chain
growth and cyclization, one can write the mass balance equations
as follows:11

where [Ci] and [Ri] are the equilibrium number density of rings
and chains respectively and [O]) N/V ≡ n is the initial number
density of oligomers. The equilibrium constants for chain
growth, Kchain, and cyclization of ring sizei, Kring,i, can be
calculated from the simulation results, as discussed below. The
mass balance equations can then be numerically solved to obtain
the equilibrium distribution of rings and chains and other
properties of supramolecular polymers. We note that eqs 3 and
4 essentially represent “chemical equilibrium” between rings
and chains of different sizes, where any concentration or chain
length dependence of association is hidden in the equilibrium
constants as well as any other factors which may influence the
association process such as stacking interactions between
associated complexes, volume interactions between the associat-
ing groups and spacers, etc. Some of these effects, such as the
chain-length dependence of ring equilibrium constant, were
accounted for in our simulations and described in the analytic
model, discussed below. Some others, such as concentration
dependence of the equilibrium constants, were found to be rather
small in our simulations (at least in the concentration range
considered). The importance of other effects still remains a
subject of our future studies, but we expect them to be less
important at relatively low concentrations.

We note that a somewhat different mass balance equation
was considered by Petschek et al.16 and by Corrales and
Wheeler17 where three equilibrium constants for activation, chain
and ring growth were considered. Since for supramolecular
polymers there is no activation step for the associating groups
to interact, there is no real activation constant in our case,

although the inverse of the equilibrium constant for the smallest
ring, Kring,1 would have a somewhat analogous meaning.
Following Ercolani, we are considering the equilibrium constant
to be different for all rings including a monomolecular ring,
whereas in ring-opening equilibrium polymerization models16,17

the ring growth constant is connected with chain constant via a
simple relation including a power-law dependence on ring size.
The latter is the result of the assumed Gaussian statistics, which
inherently does not include any rigidity effects. In our approach,
we do not make these assumptions. Additionally the bonds
between monomers of a spacer are different from the reversible
bonds in both their reversibility and rigidity. We will discuss
below in what limit our model follows the approximations of
equilibrium living polymerization theory.16,17

Equilibrium Constant for Chain Growth. In order to form
a reversible bond between oligomers in a linear chain the donor
and acceptor groups should be within a bonding distance, i.e.,
an acceptor should be located within the volumeVassocof the
donor. If V is a reference volume, then the entropic loss for
having donor and acceptor groups in vicinity of each other is
∆Sends) -ln Vassoc/V, whereVassocis an association volume (i.e.,
the donor and acceptor groups should be inside this volume for
the association to occur).29 We note that∆Sends (and all other
entropies mentioned in the paper) is actually the entropic loss
in units of the Boltzmann constantk. In the case of no
orientational specificity (B ) 0), any mutual location of donor
and acceptor inside the reference volume should allow reversible
bond formation, i.e.,∆Sends) 0 andVassoc) V. In the BFM,V
is approximately constant and independent of oligomer length
and monomer concentration. We approximated this value by
fitting the simulation results for the chain degree of association
(for different concentrations and oligomer lengths) in the case
of flexible complexes (B ) 0). The best fit of the data (not
shown here) corresponds toV ≈ 54a3.

In the case of directionally specific reversible bonds (B >
0), there will be an additional entropic loss as the donor and
acceptor groups should be not only within a bonding distance
from each other, but also within the range of allowable angles
0 e θ e θmax imposed by the conformational limitations. The
corresponding entropic loss associated with the angle specificity
is

Upon integration, we arrive at

The value of cosθmax = -0.5 was determined as a best fit to
the simulation results for entropic loss plotted vs the rigidity
constant,B, shown in Figure 2.

The simulation data points for∆Sbend were obtained from
comparison of the equilibrium constantsKchain for chain growth
for orientationally specific bonding (see Supporting Information)
with that for the flexible complexation (B ) 0).

As is seen from Figure 2,∆Sbend noticeably increases with
an increase of orientational specificity of association as the
penalty for deviation from linearity of a reversible bond grows
with B (as described in the weighting factor,P(θ)). ∆Sbenddoes
not change appreciably with oligomer length or concentration
as the data for two oligomer lengths (N ) 4 andN ) 16) and
two different concentrations (n ) 2-9a-3 ≈ 1.953× 10-3a-3

p ) exp[∆Fassoc

kT ](1 - p)2 VN
V

(1)

[O] ) ∑
i)1

∞

i[Ci] + ∑
i)1

∞

i[Ri] (2)

[Ci] ) [R1]
iKchain

i-1 Kring,1
-i ; [Ri] ) [Ci]Kring,i (3)

[Ci-1] + [C1] y\z
Kchain

[Ci]; [C i] y\z
Kring,i

[Ri] (4)

exp(∆Sbend) ) -
∫0

θmax P(θ) sin θ dθ

1 - cosθmax
(5)

∆Sbend) -ln| exp[-B(1 - cosθmax)] - 1

-B(1 - cosθmax)
| (6)
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andn ) 2-14a-3 ≈ 6.1 × 10-5a-3) follow each other closely.
We note that with an increase of concentration the probability
of finding an acceptor located at a bonding distance and within
the binding angle of a donor may change, so that∆Sbend and
the equilibrium constant for chain growth,Kchain, may vary
slightly with concentration. However, since this dependence is
rather weak, it will be neglected in further calculations.

Summing up different terms determining the chain growth
equilibrium constantKchain, we arrive at the following equation:

Equilibrium Constant for Ring Formation. As with chain
growth, to form a ring by a reversible bond, a donor and an
acceptor have to be within a bonding distance. The main
difference is that the donor and acceptor have to be a part of
the same chain, so that the entropic loss for ring closure will
be a function of chain length. To determine the probability of
finding ends of a chain within a bonding distance,Pclosure, we
performed simulations of a single oligomer. This probability is
shown in Figure 3 as a function of oligomer length. As is seen
Pclosurefollows a power-law dependencePclosure(N) = DN-R with
D ≈ 1.25 and exponentR ≈ 2, which is somewhat larger than
3/2 for a 3-d Gaussian chain.7 This difference is not surprising
as our simulations account for excluded volume effects, which
would increase the value ofR to about 1.92-1.97 expected for
the good solvent case,31 which is very close to what we see.
Using the obtained power law dependence, we can determine
the entropic loss of ring closure∆Sclosureas

In the case of directionally specific reversible bonds (B > 0),
there will be an additional entropic loss for ring formation as
the range of possible angles between the segments adjacent to
the donor and acceptor groups will be limited by the conforma-
tion of the rest of the chain having its ends at a bonding distance.
Naturally the angle limitation and therefore the corresponding

entropic loss∆Sring,1 will be the largest for short chains/
oligomers. This entropic loss for small rings was determined
from the simulation of a single ring. In this simulation the
donor-acceptor association was irreversible and there was no
orientational specificity (B ) 0); i.e., it was indistinguishable
from the internal covalent bonds of an oligomer. We collected
the distribution of angle pairs associated with the donor-
acceptor bond for a range of oligomer lengthsN. The entropic
loss for the formation of orientationally specific reversible bond
∆Sring,1(N) could then be calculated by integration over the angle
distribution weighted by the factorP(θ). Figure 4 shows∆Sring,1

calculated using this approach as a function of the reversible
bond rigidity constantB for constant oligomer lengthN (main
plot) and as a function ofN for constantB (inset). As is seen,
for all oligomer lengths∆Sring,1 increases with an increase of
orientational specificity and decreases with an increase of
oligomer length, as expected. For very small rings (formed from

Figure 2. Entropic loss of chain growth∆Sbend as a function of the
rigidity constant B characterizing the orientational specificity of
reversible bonding. Simulation results obtained for oligomer lengthN
) 4 are shown as squares andN ) 16 as circles. The results for
oligomer number densityn ≈ 0.0019a-3 are depicted as solid symbols
and forn ≈ 6.1× 10-5a-3 as open symbols. The curve is the solution
of eq 6.

Figure 3. Ring closure probability determined from simulations of a
single flexible (B ) 0) oligomer as a function of oligomer lengthN.
The best power law fit of the dataPclosure) N-2.014(1.25+ 0.79N-1 +
6.86N-2) is shown as a solid curve. The slope of the curve for larger
N values is-2.014.

Figure 4. Entropic loss of the reversible bond formation in a
monomolecular ring∆Sring,1 as a function of the rigidity parameterB
(see text). The main figure shows∆Sring,1 for monomolecular rings of
different oligomer length (N ) 3-64 from top to bottom). The solid
curve corresponds to the entropic loss for chain growth∆Sbend (the
same as in Figure 2). The inset shows the dependence of∆Sring,1 on
oligomer lengthN for different rigidity constantsB.

Kchain) V exp(-∆Sbend+
∆Eassoc

kT ) (7)

∆Sclosure,1(N) ) -ln Pclosure(N) ∼ R ln N (8)
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short oligomers) we observe a nearly linear dependence of the
entropic loss onB. This is the result of the strong ring geometry
constraints favoring a particular angle of bonding. We note that
the absolute value of the preferable bonding angle is dependent
on our simulation setup (lattice type, allowed bond lengths, etc.).
For real experimental systems there also will be some preferable
angle for small ring closure, which is dictated by the individual
chemical architecture of the spacer and associating groups.
Therefore, the results presented below are expected to reproduce
the general trend correctly, without attempting a quantitative
fit of the association behavior of any particular system. For
larger oligomer lengths the dependence of∆Sring,1 onB becomes
more complex as the range of available angles for bonding
expands. In the limit of long oligomers the entropic loss for
the formation of orientationally specific reversible bonds closing
the ring tend to the same limit as that for chain growth, i.e.

As is seen from Figure 4 (and Table S1 presented in Supporting
Information) the limit of long oligomers is reached ap-
proximately atNmax ≈ 15 according to the main plot in Figure
4 or even smallerNmax ≈ 10 for smaller rigiditiesB (inset of
Figure 4). For all oligomers of larger length eq 9 can be used
for the entropy of orientationally specific ring closure by a
reversible bond.

Besides monomolecular rings there will also be rings of larger
size containingi ) 2, 3, ..., oligomers. In general a similar
approach as described above (i.e., using single chain or ring
simulations) can be applied to find∆Sclosure,i and ∆Sring,i.
Analysis of our results (such as ring distribution presented in
the Supporting Information, degree of association or molecular
weight discussed in the next section) shows that this may not
be necessary as the entropic loss for a ring of sizei (i.e.,
containingi oligomers of lengthN) can be well estimated using
the corresponding entropic loss for monomolecular ring of
appropriate size,iN, i.e.

Combining different factors influencing formation of rings, we
arrive at the following equation for the cyclization equilibrium
constant of ring sizei

The factori-1 preceding the exponent reflects the fact that there
are i reversible complexes in the ring where the ring can be
broken.32,33In contrast to the chain growth equilibrium constant
Kchain, the cyclization equilibrium constantKring,i(N) is a strong
function of oligomer length (at least for small rings). We note
that distribution of cyclization equilibrium constantsKring,i

obtained from our simulations shows rather similar trend as was
experimentally observed for polycycloolefins34 including the
decrease of the association constants for small rings with a
decrease ofN and Kring,i = i-3.2 dependence for larger rings
and for corresponding ring concentrations.11,22,23,34In general,
Kring,i may also slightly depend on polymer concentration, but

we expect this dependence to be even weaker than that forKchain

as rings are not the most common species at large concentration,
so this dependence will be neglected.

Equation for Chain Degree of Associationx. Knowing the
equilibrium constants for ring formation and chain growth, and
using the Jacobson-Stockmayer relations for the concentration
of chains of sizei (i.e., containingi oligomers),7 one can rewrite
the mass balance equation in the following form (similar to that
derived by Ercolani11)

where the chain degree of associationx is connected with the
concentration of monomolecular rings and the equilibrium
constants for ring formation and chain growth via the equation

Performing the summation of the terms describing the chain
contribution and subdividing the ring contribution into the part
responsible for small (N e Nmax) and large rings (N > Nmax),
eq 13 can be rewritten in the following form:

whereKring,i is defined by eq 12, with∆Sring,1(iN) being obtained
from single ring simulations (as shown in Figure 4 and Table
S1 presented in Supporting Information), and

whereD ≈ 1.25 (see Figure 3). We note that the equilibrium
constant for larger ringsK ring,i

/ (N) (eq 16) recovers the
approximation used in equilibrium ring-opening polymeriza-
tion,16,17except that the exponent of the power law dependence
on ring size is somewhat different due to the excluded volume
effects considered here and the numerical prefactor is also much
larger reflecting larger size of our associating units: oligomers
vs monomers, as were considered in equilibrium ring-opening
polymerization.16,17 With these exceptions, our model will be
analogous to the equilibrium ring-opening polymerization theory
in the limit of long oligomers.

The modified (eq 15) or original (eq 13) mass balance
equation can be solved for the chain degree of associationx
(which was done numerically using a binary search algorithm
under the assumption of a single real root in the range 0< x <
1). We note that in practically all cases considered the
contribution of rings is limited to a relatively small range of
ring sizes,i j 15, so often the higher order terms in summation
over the rings (eq 15) can be omitted without compromising
the quality of predictions (see results presented below). More-
over, in the next section, we will discuss the simplified version
of the equation which while being somewhat less accurate in
some cases, can be more useful in practical applications.
Knowing x, the complete chain and ring distribution can be

1

Kchain
∑
i)1

∞

ixiKring,i +
1

Kchain
∑
i)1

∞

ixi ) [O] (13)

x )
[R1]Kchain

Kring,1
(14)

1

Kchain
∑
i)1

ieNmax/N

ixiKring,i +

1

Kchain
∑

i>Nmax/N

∞

ixiKring,i
/ +

1

Kchain

x

(1 - x)2
) [O] (15)

Kring,i
/ (N) ) 1

i
D(iN)-R exp(-∆Sbend+

∆Eassoc

kT ) )

1
i
D(iN)-RKchain

V
(16)

∆Sring,1|N>Nmax
= ∆Sbend)

-ln| exp[-B(1 - cosθmax)] - 1

-B(1 - cosθmax)
| (9)

∆Sclosure,i(N) = ∆Sclosure,1(iN) (10)

∆Sring,i(N) = ∆Sring,1 (iN) (11)

Kring,i (N) ) 1
i

exp[-∆Sclosure,i (N) - ∆Sring,i (N) +
∆Eassoc

kT ]
=

1
i

exp[-∆Sclosure,1(iN) - ∆Sring,1 (iN) +
∆Eassoc

kT ]
(12)
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recovered and other macroscopic properties such as the overall
degree of association, molecular weight, etc. can be obtained.
We will discuss these results in the following section.

4. Results and Discussion

Concentration Dependence of the Overall Degree of
Associationp. Solving the eq 13 (or eq 15) forx we can obtain
the ring [Ri] and chain [Ci] distributions and calculate the degree
of association as follows

The first term in the equation accounts for the fraction of
reversible bonds in rings:fr ≡ ∑i)1

∞ i[Ri]/[O]. This value
together with the direct simulation results are shown in Figure
5 (as solid curve and squares, respectively) as a function of
oligomer number density,n ) N/V, for oligomer lengthN ) 8
and rigidity parameterB ) 1 (Figure 5a) andB ) 8 (Figure
5b). As is seen the analytical prediction obtained using eq 15
agrees very well with the simulation results in both cases (as
well as for all other B values considered). In the zero
concentration limit the system properties are defined by the
behavior of a single oligomer, and as a result the overall degree
of association coincides with that for monomolecular rings in
this limit. The larger the orientational specificity of reversible
bonding, the higher the penalty for formation of a monomo-
lecular ring via an orientationally unfavorable reversible bond
(i.e., larger∆Sring,1) and as a result the degree of association is
noticeably lower forB ) 8 compared toB ) 1 for the same
oligomer length. In both cases the maximum degree of associa-
tion for rings is reached at the lowest concentration. This is a
typical behavior for head-to-tail associating polymers of a
sufficient spacer lengthN.23 If a spacer length is rather small
and orientational specificity of association is high then formation
of monomolecular rings can be considerably suppressed due to
the strain inflicted on the oligomer by the angle limitations for
ring closure (see the ring distribution in Supporting Information).
As a result the maximum degree of association for rings is
achieved not at the lowest concentration, but at some higher

concentration, when rings of size two (i.e., composed from two
oligomers) dominate, i.e., whenKring,2 > Kring,1 (as shown in
the Appendix). An example of such a situation is shown in the
inset of Figure 5b for oligomer lengthN ) 4 andB ) 5.

As the concentration is increased, chains of increasing
molecular weight will form in competition with rings of larger
sizes. The fraction of reversible bonds in chains is described
by the second term in the eq 17:fc ≡ ∑i)1

∞ (i - 1)[Ci]/[O].
Similar to the ring fraction,fc calculated using the analytical
model agrees rather well with the direct simulation results
(shown as circles in Figure 5). An increase of concentration
favors the formation of intermolecular complexes and as a result
the chain degree of association considerably increases whereas
the fraction of reversible bonds in rings decreases. For suf-
ficiently large rings the entropic loss for ring closure via an
orientationally specific reversible bond∆Sring,i becomes com-
parable to that for chains∆Sbend. However the probability of
finding two ends of a long chain separated by a bonding distance
is quite small and decreases with ring sizei as (iN)-R (i.e.,
entropy loss,∆Sclosure,i, increases asR ln (iN)). As a result the
fraction of large rings and the overall value offr remains rather
low, so that the overall degree of association is determined
predominantly by chains at higher oligomer concentrations. As
we discussed in our previous publication,29 for this reason eq 1
can be used to describe the overall degree of association at
higher oligomer concentrations. Taking into account that for
larger polymer concentrations∆Fassoc/kT ) -∆Sbend+ ∆Eassoc/
kT, eq 1 becomes

and the overall degree of association should depend only on
KchainN/V ≡ nKchain (see, e.g., ref 35).

The overall degree of association, i.e.,p ) fr + fc is shown
in Figure 6 as a function ofnKchain for oligomer lengthN ) 8
and differentB values. As is seen, the degree of associationp
obtained for differentB values coincides at larger polymer
concentrations (as long as the productnKchain is the same)
forming a unified curve, as expected by eq 18. At lower polymer
concentrations, where rings dominate, the degree of association

Figure 5. The total degree of associationp and the fraction of reversible bonds in ringsfr and chainsfc, as a function of number density for
oligomers forN ) 8, B ) 1 and 8 (a and b, respectively) andN ) 4, B ) 5 (b, inset). Simulation results are shown as symbols, while the curves
are the solutions of the complete (eq 15, solid lines) and approximate (eq 23, dashed lines) mass balance equation. The solution of the approximate
equation is practically indistinguishable from the solution of the complete equation forN ) 8, B ) 8 (b, main plot). Vertical dotted lines with stars
indicate the critical number densitynrc corresponding to the ring-chain crossover.

p ) fr + fc ≡ 1

[O]
∑
i)1

∞

i[Ri] + (i - 1)[Ci] (17)

p ) Kchain(1 - p)2 N
V

, for large
N
V

(18)
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p noticeably decreases with an increase inB. As we discussed
above, formation of chains and rings (especially monomolecular
rings), is strongly affected by orientational limitations. As a
result the overall degree of association for the supramolecular
polymers employing complexes of higher orientational specific-
ity will be smaller than that for more flexible associations in
both the high and low concentration range (for similarn). We
note that the analytical predictions obtained by solving eq 15
work very well for the whole range of concentrations andB
values considered.

Another interesting feature of the concentration dependence
shown in Figure 6 is the nonmonotonic behavior observed for
the overall degree of association at low orientational specificity
of reversible bonding. As is seen forB ) 0, 1, and 2, the degree
of association first decreases, passes through a minimum, and
then increases with an increase in oligomer density. For higher
B, the degree of association monotonically increases without
any extremum. We found that the main factor determining
whether the overall degree of association will follow one or
the other pattern is the ring degree of association at low
concentration. If it is sufficiently large (fr J 0.6 for Gaussian
chains, as discussed in the Appendix), then most of the
oligomers will be present in the form of monomolecular rings
at low concentrations which will slow down the formation of
larger chains and rings. As a result the overall degree of
association will first decrease followed by an increase when
the formation of chains starts to dominate at larger concentration.
An increase in the orientational specificity of reversible bonding
diminishes the monomolecular ring population. As a result,
having a large number of nonassociated oligomers chain growth
(or formation of rings of larger size) occurs earlier and the
overall degree of association increases with concentration.
Simple calculations (see the Appendix) based on the consider-
ation of formation of monomolecular rings in comparison with
chains and rings containing two oligomers show that a minimum
in the concentration dependence of the overall degree of
association is expected when

PlottingKring,1 - 2Kring,2 as a function ofB for oligomer length
N ) 8 (Figure 6, inset) one can see that the concentration
dependence of the overall degree of association is expected to
have a minimum forB j 2.85 in agreement with our simulation
results presented in Figure 6.

Approximate Mass Balance Equation for Practical Ap-
plications. As we discussed above, the analytical solution for
eq 15 provides a good match with simulation results (Figures 5
and 6). At the same time practical use of this equation can be
somewhat complicated as it requires knowledge of several
association constantsKring,i, Kchain. The fact that we are dealing
with supramolecular polymers, i.e., with flexible oligomers
capable of association via orientationally specific reversible bond
between end groups allows some simplifications to the equation.

Normally experimental techniques (such as infrared spec-
troscopy, NMR, etc.) permit measuring the overall degree of
association in the system. (1) If one can measure the degree of
association at very low concentration, then one can determine
the (monomolecular) ring fraction as the two coincide under
these conditions:

Knowing concentration of monomolecular rings
([R1] ) [O]p|cfo) and nonassociated oligomers
([C1] ) (1 - p)|cfo[O]), one can obtain the monomolecular
ring association constant:

Taking into account thatKring,1 does not change appreciably with
concentration, this gives us the association constant for mono-
molecular ring formation at any concentration.

(2) If one repeats measurements for the degree of association
at sufficiently high oligomer concentration, one would be able
to estimate the chain growth equilibrium constantKchain. Indeed
at high concentrations the overall degree of association is defined
predominantly by chain formation, and we can use eq 18 as we
discussed above:

We note that this equation can provide a slightly overestimated
value forKchain as this equation is designed to account for total
degree of associationp. However if the oligomer concentration
is high or ring fraction is low (e.g., due to high orientational
specificity of reversible bonding) then the chain fraction will
provide the dominant contribution top and this overestimation
will not be too significant.

(3) Now if we use the experimental values forKring,1 (eq 21)
andKchain (eq 22) and assume that for all larger size rings we
can use eq 16 (which is expected to work well for oligomer
lengthsN > 8), then we can simplify the mass balance eq 15
as follows

Solving thissimplified mass balance equationfor the chain

Figure 6. Total degree of associationp as a function ofnKchain for N
) 8 and various rigidity constantsB. Simulation results are shown as
symbols, while the curves are the solutions of the complete (eq 15,
solid lines) and approximate (eq 23, dashed lines) mass balance
equation. The solution of the approximate equation is practically
indistinguishable from the solution of the complete equation, except
for low rigidity constant (B ) 0,1). The inset showsKring,1 - 2Kring,2 as
a function of the rigidity constantB. When Kring,1 - 2Kring,2 > 1, a
minimum in the total degree of association is expected.

Kring,1 - 2Kring,2 g 1 (19)

p|cfo ≈ fr )
[R1]

[O]
(20)

Kring,1 )
[R1]
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) p
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p
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degree of association,x, one can predict the ring and chain
distributions, degree of association, molecular weight, etc. at
any concentration. The only additional information that is
required is the ring closure probability for the flexible spacer
(i.e., the exponentR and prefactorD). These values can be
estimated either using the predictions for Gaussian chains:7 R
) -3/2 andD ) [3/(2π)]-3/2V/(2l3) (wherel is the bond length)
or using the values we obtained from our simulations of chains
with excluded volume:R ≈ -2 andD ≈ 1.25. One can also
useD as a fitting parameter to match the experimental data, as
this parameter is sensitive to spacer chemical structure and may
be hard to guess a priori. We use the simplified form of the
mass balance equation eq 23 to predict the overall degree of
association and fraction of reversible bonds in rings and chains
shown in Figures 5 and 6 (dashed curves). As seen from Figures
5 and 6, these values are predicted so well with the simplified
equation (including the minimum at intermediate concentrations)
that it is barely distinguishable from the exact solution and only
for smallB. The harder test for the approximate solution is the
prediction of the maximum of ring fraction for short oligomers.
As is seen from Figure 5b inset, it works rather well: even
though the ring fraction is slightly overestimated the maximum
in ring fraction is clearly seen and occurs at the same
concentration as the simulation results. As we discuss below, a
very good agreement was also obtained between the analytical
solution of the simplified mass balance equation, eq 23 and
simulation results for the weight-average molecular weight.
These trial results give us reason to believe that this approximate
equation can work reasonably well in practical applications to
real experimental systems.

Ring)Chain Crossover. As we discussed above, at low
concentration rings and in particular monomolecular rings are
the most common architecture of associating oligomers. As the
concentration increases chains start to assemble and become
dominant at high concentration. The concentration at which
crossover from mostly rings to mostly chains occurs can be
considered as the ring-chain crossover concentration. As we
discussed in our previous paper,29 this is not a true phase
transition unless we are dealing with infinitely high energy of
association.16 Nonetheless, the physical properties of the system
(such as molecular weight or viscosity) is evidently different
in the chain-dominated and ring-dominated regimes, so that the
determination of this concentration can be rather useful. One
can consider several different criteria for determining the ring-
chain crossover concentration: e.g., as the concentration where
the amount of polymer in chains (including or excluding
unassociated oligomers) and rings is the same23 or as the
concentration where the fraction of reversible bonds in rings
and chains is the same (see Figure 5).29 Since the latter is the
most straightforward from the mathematical point of view, we
will use the latter definition for the ring-chain crossover
concentration. Figure 7 shows the oligomer number densitynrc

corresponding to the ring-chain crossover as a function of
oligomer length for a range ofB values. For flexible complexes
(B ) 0) nrc steadily decreases with an increase of oligomer
length (∼N-2.2) forming practically a straight line in the
logarithmic scale of the plot. As we discussed in our previous
paper,29 this dependence is somewhat similar to that for the
oligomer overlap number densityno ∼ Rg

-3 ∼ N-3ν ≈ N-1.8

(for chains with excluded volume), but occurs at lower oligomer
density. The shorter the oligomer, the larger the probability of
finding its end groups within a bonding distance and therefore
the larger is the fraction of rings formed (when there is no
orientational limitations, i.e.,B ) 0). As a result the crossover

from rings to chains occurs at a higher number density for short
oligomers compared to long oligomers.

For a higher orientational specificity of reversible bonding
the situation is different (Figure 7). The probability to find two
ends of oligomer within a bonding distance is still the largest
for the short oligomers, but the orientational limitations for
reversible bonding are also the largest (especially for the
monomolecular rings that dominate at low concentrations). This
causes a decrease in the small ring population asB increases.
In particular the monomolecular ring population (see the ring
distribution, Figure S3, in Supporting Information) is consider-
ably suppressed, as the entropic loss for ring closure via an
orientationally specific reversible bond∆Sring,1 increases nearly
linearly with B (Figure 4). As a result of the suppression of the
(monomolecular) ring population for higherB values, the
crossover from rings to chains occurs at a lower oligomer
density, nrc (Figure 7). The decrease innrc is especially
noticeable for shorter oligomer lengths where it can change by
several orders of magnitude with an increase ofB. For longer
oligomers, this effect is less pronounced as in the limit of very
largeN the entropic loss for ring closure via an orientationally
specific reversible bond∆Sring,i becomes comparable to that for
chains∆Sbendand it increases logarithmically withB (eq 9). As
a result, for very long oligomers,nrc is only slightly smaller
than that for the flexible case. Thus, for orientationally specific
reversible associations the ring-chain crossover occurs at lower
concentrations for very short oligomers compared to the longer
ones andnrc exhibits a maximum at intermediate oligomer
lengths. The position of the maximum shifts to a longer oligomer
length asB increases. For most of the cases considered the
maximum innrc is achieved forN = 8, so that forN < 8 the
orientational specificity of association has a strong effect on
nrc, while for N g 8, nrc is only somewhat smaller than that for
flexible complexes. We note that the analytical solution of the
mass balance equation (eq 15) matches the simulation data very
well (Figure 7). Only small deviations can be noticed for longer
oligomer lengths possibly due to somewhat worse statistics for
single ring simulations leading to an overestimation of the
entropic loss for ring closure.

Molecular Weight. As we discussed above, with an increase
of the polymer concentration the overall degree of association
increases. The molecular weight follows the same tendency, as
is seen from Figure 8.

Figure 7. Critical number densitynrc corresponding to the ring-chain
crossover as a function of oligomer lengthN for different rigidity
constantsB. Simulation results are shown as symbols, while the curves
are the solutions of the complete mass balance equation (eq 15).
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Comparing the weight-average molecular weightMw (in units
of oligomer weight) for different oligomer lengths atB ) 1
one can see that a considerable increase inMw occurs at the
concentration when chain association starts to increase (cf. with
Figure 5a). This occurs at somewhat lower oligomer density
compared to the ring-chain crossovernrc. Since the latter
decreases with oligomer length (as is seen from Figure 7) the
increase inMw for longer oligomers also starts at lower polymer
density.

With an increase of orientational specificity of reversible
bonding the average degree of association decreases (as is seen
in Figure 6) following universal dependence onnKchain(eq 18).
As a result the weight-average molecular weight changes
correspondingly, following (nKchain)1/2 scaling dependence in the
chain-dominated regime.23,33,35,36However in the ring-dominated
regime the behavior ofMw is less universal when in some cases
an increase in orientational specificity can lead to a somewhat
unexpected increase in the molecular weight, as is seen for the
two lower concentrations shown in the inset of Figure 8. The

reason for this increase inMw is the shift in the ring-chain
equilibrium toward chain formation with an increase inB. As
is seen from Figure 7, the ring-chain crossover shifts to lower
number densities as the orientational specificity increases. As
a result chain association increases asB increases and the
molecular weight follows the same trend. We note that except
for the cases when the change inB causes the ring-chain
crossover to occur, the molecular weight will always decrease
with an increase in orientational specificity of bonding. As is
seen from Figure 8, the numerical solutions of the complete
(eq 15, solid lines) and approximate mass balance equation (eq
23, dashed lines) agree with simulation data very well, including
the prediction of the maximum of the molecular weight. In the
next section we will use our analytical model to predict the
ring-chain crossover and molecular weight behavior for dif-
ferent energies of association.

Influence of the Energy of Association (Temperature).So
far we have considered the influence of orientational specificity
of reversible bonding on oligomer self-assembly at a fixed
energy of association∆Eassoc. For a different energy of associa-
tion (or for the same∆Eassocbut at a different temperature), the
contributions of enthalpic gain and entropic losses for chain
and ring formation will be different (eqs 7 and 12). As a result
the behavior of all the above-mentioned properties, such as the
degree of association, ring-chain crossover, molecular weight,
etc. will be altered. We note that in our current approach an
increase in temperatureT is equivalent to a decrease in the
energy of association∆Eassoc since the volume exclusion is
enforced only by the space limitations on positions of monomers
in the BFM and does not involve consideration of any interaction
potentials. In reality, a change of temperature may influence
volume interactions between spacers or end groups in a different
manner, so some additional effects of demixing may be present.

The critical ring-chain crossover temperature calculated by
numerically solving of the mass balance eq 15 is depicted in
Figure 9, wherekT/∆Eassoc is plotted vsn for two oligomer
lengthsN ) 4 andN ) 8 for a range of different orientational
specificities of complexation. As is seenkT/∆Eassochas dramatic
effect on the ring-chain crossover especially for largeB values
and shorter oligomers. In this case the increase innrc can reach
several orders of magnitude (Figure 9a). With a decrease of
temperature the contribution of enthalpic gain increases relative
to the temperature-independent entropic losses. As a result

Figure 8. Weight-average molecular weightMw (in units of oligomer
weight) as a function of oligomer number density forB ) 1 and various
oligomer lengthsN. Vertical dotted lines with stars indicate the critical
number densitynrc corresponding to the ring-chain crossover for each
oligomer length. The inset shows the molecular weight dependence on
the rigidity constantB at various oligomer number densities (in units
of a3) for N ) 8. Simulation results are shown as symbols, while the
solid and dashed curves are the solutions of the complete (eq 15) and
approximate (eq 23) mass balance equation.

Figure 9. Numerical solutions of eq 15 for the criticalkT/∆Eassocat which ring-chain crossover occurs vs oligomer number densityn at different
B values and oligomer lengthN ) 4 (a) andN ) 8 (b). The area below/above each curve corresponds to the ring/chain-dominated regime.

3416 Hagy et al. Macromolecules, Vol. 40, No. 9, 2007



formation of reversible bonds with entropically more costly
orientations will become possible enhancing formation of rings
(in particular monomolecular rings). This will lead to a shift of
the ring-chain crossover to higher concentrations. This effect
is especially strong for shorter oligomers for which∆Sring,1 is
the largest (see Figure 4 and Table S1 in the Supporting
Information). For longer oligomer lengths or smallerB values
this shift is not as significant and occurs at higher concentrations
(see Figure 9b forN ) 8 and Supporting Information for other
chain lengths). As is seen from Figure 9 at constantkT/∆Eassoc

the ring-chain crossover occurs at lower concentrations for
larger B values. Since lower oligomer density always favors
monomolecular ring formation, below a certain concentration,
(which decreases with an increase inB) rings always dominate.23

The smaller degree of association with decreasing association
energy∆Eassocor increasing temperature results in the systematic
decrease in molecular weight (calculated in units of oligomer
weight) in the chain-dominated regime, i.e., at high concentra-
tions or highB (Figure 10).

At lower oligomer densities in the ring-dominated regime the
molecular weight dependence becomes more intriguing. Indeed,
as is seen from Figure 10 with an increase inkT/∆Eassoc, the
molecular weight actually increases for a range ofB values (B
) 1, 2, 3, 5, in Figure 10) until it reaches maximum at some
intermediate temperature. This initial increase in the molecular
weight is attributed to formation of chains. As the enthalpy of
association becomes insufficient to compensate for entropic
penalty for ring formation the equilibrium shifts toward chain
association leading to the ring-chain crossover at somewhat
higher temperature (Figure 10, inset) A further increase in
temperaturekT/∆Eassoc results in the decrease ofMw, as the
enthalpic gain becomes insufficient to compensate for the
entropic loss, so any association becomes less favorable. The
larger the orientational specificity of association the lower is
the ring-chain crossover temperature (Figure 9) and the lower
the temperature corresponding to the maximum of the molecular
weight (Figure 10).

The temperature (kT/∆Eassoc) corresponding to the maximum
of the average molecular weightMw together with the absolute
value of the molecular weight (in units of oligomer weight) at
its maximum are plotted in Figure 11 forN ) 4 and different
values ofB. For rather flexible complexes (B j 2 for N ) 4)

the temperature corresponding to the maximum value of the
molecular weight abruptly increases and stabilizes at some
plateau level as the oligomer concentration decreases. The
corresponding molecular weight sharply decreases with a
decrease ofn and levels off at about 1. The implications of
such behavior is that the smaller the oligomer concentration
the more favorable rings are, so the redistribution of oligomers
from rings to chains occur at increasingly higher temperature
and lower average molecular weight until the limit ofMw ≈ 1
is reached. In this case the maximum of molecular weight
corresponds to opening of a monomolecular ring. For supramo-
lecular polymers with larger orientational specificity the behavior
of the molecular weight is more complex (Figure 11). With the
decrease of concentration, the temperature at which the molec-
ular weight reaches a maximum increases similar to that for
smallerB values. However instead of reaching a plateau, the
temperature starts to decline quickly at lower oligomer con-
centrations. Below some concentration no maximum in molec-
ular weight can be observed at all. This peculiar behavior at
lower n is caused by the strong restrictions on formation of
monomolecular rings for short oligomers with high orientational
specificity of association. As a result below the concentration
where bimolecular complexes becomes entropically unfavorable
only a small fraction of monomolecular rings can form.
Consequently no noticeable redistribution between monomo-
lecular rings and unreacted oligomers could occur and no
maximum in molecular weight could be observed. For longer

Figure 10. Numerical solutions of eq 15 for the weight-average
molecular weight (in units of oligomer weight) as a function ofkT/
∆Eassocfor N ) 4, n ) 4.8× 10-4a-3 for various rigidity constantsB.
The inset shows the total degree of associationp and the fraction of
reversible bonds in rings,fr, and chains,fc, for B ) 5.

Figure 11. Numerical solutions of eq 15 for the absolute value of
(weight-average) molecular weightMw (in units of oligomer weight)
(a) andkT/∆Eassoc (b) at which the maximum inMw is achieved vs
oligomer number densityn at differentB values and oligomer length
N ) 4.
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oligomers formation of monomolecular rings is less restricted
than for the shorter oligomers, so that the overall temperature
dependence of the molecular weight (at least forN g 8) is rather
similar to that observed at smallB for N ) 4, i.e. an increase
and leveling off of the temperature corresponding to the
maximum inMw and corresponding decrease in the absolute
value ofMw tending toward unity. In general, for any oligomer
length the larger isB the larger is the penalty for forming rings,
which triggers redistribution of oligomers from rings to chains
at lower temperatures and therefore at larger absolute values of
the molecular weight.

This feature of supramolecular polymers could not be
anticipated by the preceding analytical/simulation approaches,
but it was observed experimentally for metal-ligand20 and
reversible bonded supramolecular polymers.5,24 In both cases
the orientational specificity of the complexes is appreciable: in
the metal-ligand case, coordination bonds require a specific
orientation of two oligomers in the vicinity of the metal, whereas
in the hydrogen-bonded case the spacer was too short to form
a monomolecular rings, so the bimolecular complexes dominated
among rings. A similar situation is seen in our calculations
(Figures 10 and 11) for short spacers (N ) 4) and larger rigidities
(B J 2). ForB ) 5 shown in Figure 10Kring,1 is more than 1
order of magnitude smaller thanKring,2. In this case the increase
in temperature results in a 2-fold increase in molecular weight,
which is consistent with the a 1.35 times increase in reduced
viscosity observed in metal-ligand supramolecular polymers
of stoichiometric composition20 and 4 times increase in specific
viscosity of hydrogen-bonded supramolecular polymers.5,24We
note that observed increase in viscosity can also be attributed
to the change in the chain architecture from rings to chains. On
the basis of 1H NMR data, the increase in viscosity is
accompanied by a 4-5 times increase in chain population20,24

which agrees with our results (forB ) 5) of about a 5 times
increase in chain fraction upon temperature increase (Figure 10,
inset). This confirms that an increase inMw is due to shift of
the equilibrium from rings to chains.

As we can see from Figure 11 oligomer concentration also
plays important role in the temperature dependence of molecular
weight. A decrease in the concentration for constantB (B ) 5)
is considered in Figure 12. At the highest concentration the

system is in the chain-dominated regime for the wholekT/∆Eassoc

range considered, so that the molecular weight steadily decreases
as the temperature increases. At somewhat lower concentration
the system is in the ring-dominated regime at low temperature,
so with temperature increase chain formation becomes more
favorable (Figure 10, inset) and the molecular weight increases.
At some higher temperature the entropic loss for association
overcomes the enthalpic gain resulting in the decrease inMw.
The larger is the oligomer concentration the higher is the
absolute value of the molecular weight at its maximum. As the
oligomer density decreases the position of the maximum inMw

shifts to higherkT/∆Eassoc, reaches a maximum and then slightly
decreases until it reaches a concentration below which the
molecular weight has no maximum because large rings are
unfavorable and small rings are unlikely due to their high strain
for ring closure. As we discussed above, the temperature
dependence of the specific viscosity for one of the hydrogen-
bonded supramolecular complexes studied in ref 24 exhibits a
maximum followed by a decrease in viscosity at higher
temperature. The same supramolecular polymer at lower
concentration shows an increase in the specific viscosity, which
appears to reach a maximum at a considerably higher temper-
ature (which corresponded to the upper range of experimental
measurements so the anticipated decrease inMw at even higher
temperatures was impossible to follow). That is exactly what
we expect to happen in a certain concentration range based on
our model (Figures 11 and 12): the lower the concentration is
the stronger is the tendency to form rings, and it will take a
higher temperature to make chain formation favorable, i.e., to
achieve the maximum in the molecular weight (Figure 12). This
trend is qualitatively similar to what was observed for decreasing
B in the main plot of Figure 10. Both a decrease in oligomer
concentration and a decrease in orientational specificity favor
small ring formation (if orientational specificity and oligomer
length allows), leading to the increase of temperatures corre-
sponding to ring-chain crossover and the maximum of the
molecular weight.

In general to observe experimentally an increase inMw or
viscosity with a temperature increase the change in molecular
weight should be significant. This can be achieved for the
systems with ring-chain crossover occurring at relatively high
concentrations and low temperatures. The requirements for
designing such supramolecular system are the following: use
a flexible spacer of a rather short length and supramolecular
associating units of intermediate-to-high orientational-specificity.
In such case bimolecular or (even higher order) rings will be
preferable at low temperature, and a temperature increase will
shift the equilibrium to chains of even higher degree of
association, so that molecular weight will noticeably increase.
Alternatively the chemical structure of associating oligomers
can be tuned to preferentially form large rings at low-to-
intermediate concentrations and temperatures followed by chains
at larger concentrations or temperatures. For rigid spacers ring
formation will be greatly diminished (unless they are designed
to form rings) and no noticeable increase in molecular weight
can be expected with increasing temperature. Similarly, for
flexible spacers with weakly orientationally specific associating
groups, a high molecular weight at its maximum is also hard to
achieve since single rings will persist until very high temper-
atures where any associations are not favorable.

The degree of association in supramolecular polymer system
can be measured by infrared spectroscopy or NMR which permit
detection of the relative fraction of associated and nonassociated
groups. These measurements could be performed for flexible

Figure 12. Numerical solutions of eq 15 for the weight-average
molecular weight (in units of oligomer lengthN) as a function ofkT/
∆Eassocfor N ) 4 andB ) 5 at different number densitiesn (in units
of a3).
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spacers (such as PEO) of different length as a function of
concentration. On the basis of these measurements, the validity
of eq 18 in a relatively high concentration range can be tested.
Additionally NMR measurements may allow simultaneous
detection of the concentration of smallest size rings and the rest
of the associating species.5 Since small rings are the dominant
species at low concentrations, comparison of the concentration
of rings and the rest of the associating species at different
concentrations would allow one to estimate the ring-chain
crossover concentration (which would be rather close tonrc).
Repeating such measurements for different spacer length and
possibly different associating groups would allow a comparison
of the experimental results with our predictions shown in Figure
7 (including theN-2.2 scaling dependence expected for longer
spacers), while measurements performed at different tempera-
tures can be compared with the temperature dependence of the
crossover concentration plotted in Figure 9. Determination of
the average molecular weight experimentally is more challeng-
ing, as many traditional techniques (e.g., static light scattering
with an extrapolation to zero concentration) would induce a
change in the equilibrium. This problem can be avoided for
association complexes with a high energy of association∆Eassoc

if the system is allowed to equilibrate at some high temperature
and then quickly quenched to low temperature when dissociation
will be highly unfavorable. Another less direct way of measure-
ments of molecular weight is by using zero-angle light scattering
or via viscosity measurements.5,24 The experimental values for
molecular weight measured at different concentrations and
temperatures can be compared with our predictions shown in
Figures 6 and 10-12. As we discussed above, some of the
reported viscosity measurements,5,24 show good potential for
such comparisons. We also plan to expand our approach to the
prediction of dynamic properties of supramolecular polymers
including viscosity.

5. Conclusions
We have applied Monte Carlo simulations using the bond

fluctuation model to study the influence of orientational
specificity of reversible association on the self-assembly and
properties of supramolecular polymers. We have studied linear
flexible oligomers consisting ofN - 2 flexible spacer monomers
and two terminal groups, one a donor and the other an acceptor
for reversible association, which can lead to formation of rings
and chains. The orientational specificity of reversible association
was implemented in our simulations by applying a weighting
factor for formation of a reversible bond at a given angleθ:
P(θ) ) exp[-B(1 - cosθ)] with B being defined as a rigidity
constant. On the basis of simulation results we calculated the
equilibrium constants for chain growth (Kchain) and ring closure
(Kring,i) via a reversible bond. We found that the latter strongly
varies with oligomer lengthN, especially for short oligomers.
For longer oligomersN g Nmax ≈ 15 the entropic loss
originating from orientational limitations becomes comparable
to that for chains (Figure 4). In this case the equilibrium constant
for ring closure (Kring,i) can be related toKchain.16,17 This
observation allowed us to suggest an approximate mass balance
equation (eq 23) which can be used to predict the properties of
supramolecular polymers and analyze experimental data. To this
end all that is necessary to know is the experimental degree of
association at high and low concentrations, and to have some
idea about the end-to-end distribution for the oligomer (e.g.,
Gaussian-like or excluded volume-like behavior). This will
provide an estimate of the equilibrium constants for chain growth
Kchainand smallest ring closureKring,1 which then can be plugged
into the approximate mass balance equation (eq 23). Solving

this equation for the chain degree of association allows one to
obtain the chain and ring distribution, degree of association,
and molecular weight and to estimate the ring-to chain crossover
concentration.

We found that the orientational specificity of reversible
bonding significantly affects the overall degree of association
p as well as the fraction of reversible bonds in ringsfr and chains
fc. At low concentration, the overall degree of association is
defined by monomolecular ring formation. For smallB values,
ring formation is favorable and the overall degree of association
is relatively high even at low concentrations (Figure 5). At the
same time for largerB, the entropic penalty associated with the
angle limitations for ring closure (especially for short oligomers)
is very high, so monomolecular rings are not so likely and the
degree of association is rather small at low concentrations
(Figure 5). At higher concentrations formation of bimolecular
rings becomes possible and the ring degree of association may
increase ifKring,2 > Kring,1. However, in most of the cases (for
longer oligomers or smallerB) an increase in oligomer density
leads normally to enhancement in chain degree of association,
which dominates at high concentrations. As a result, the overall
degree of association increases in a uniform manner as a function
of nKchain (eq 18) at large oligomer concentration35 and it
decreases withB (Figure 6). The weight-average molecular
weight follows the same pattern as the degree of association:
in the chain-dominated regime it increases following (nKchain)1/2

scaling behavior (at least for longer chains)23,33,35,36 and it
decreases with an increase of orientational specificity of
association. The abrupt increase inMw occurs somewhat in
advance to the ring-chain crossover when formation of chains
becomes favorable. As the ring-chain crossover shifts to lower
oligomer density with an increase in oligomer length or in
increase inB, the molecular weight starts to increase at smaller
oligomer densities as well. Our analytical predictions based on
numerical solution of the complete or approximate mass balance
equation are shown to be very successful in predicting the degree
of association as well as the molecular weight and ring-chain
crossover.

We have also considered the influence of oligomer length
and orientational specificity of reversible association on the
ring-chain crossover, which we define as the oligomer density
nrc at which the number of reversible bonds in rings and chains
are equal to each other. We found that for flexible reversible
associations the oligomer number density corresponding to the
ring-chain crossovernrc steadily decreases with oligomer length
N. With an increase inB, the entropic penalty associated with
orientational specificity of reversible bonding comes into play
which results in a further decrease in the ring-chain crossover
oligomer density (Figure 7). This effect is especially strong for
short oligomers, for whichnrc decreases by several orders of
magnitude, while for longer oligomers the decrease is rather
marginal. As a resultnrc first increases with increasing oligomer
lengthN, then exhibits a maximum at intermediateN and finally
decreases at largeN. The larger the orientational specificity of
reversible bonding the larger the amplitude of the effect.

Using our analytical approach, which reproduces all simula-
tion data very well, we have also analyzed the influence of
temperature on the ring-chain crossover and molecular weight
behavior. In our approach, an increase in the energy of
association is equivalent to the decrease of temperature as long
as it leads to the same∆Eassoc/(kT) ratio. A decrease in
temperature implies enhancement of the enthalpic gain of
reversible bond formation, which allows formation of smaller
size rings with less entropically favorable bonding orientations.
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As a result the ring-chain crossover shifts to larger concentra-
tions with a temperature decrease. This effect is especially strong
for largeB values and shorter oligomers for which the increase
in the number density corresponding to ring-chain crossover
can reach several orders of magnitude. In general the higher
the orientational specificity of bonding the lower is the
temperature (higher the∆Eassoc) at which the crossover occurs
(Figure 9).

The implications of these changes in ring-chain crossover
for the molecular weight behavior as a function of energy/
temperature are found to be the following: In the chain-
dominated regime (i.e., at sufficiently high concentrations) an
increase of temperature simply results in the decrease in
molecular weight (and by extension in the viscosity, as is often
seen experimentally25,37). However in the ring-dominated regime
(i.e., at lower concentrations) a temperature increase may lead
to an increase in the molecular weight due to shift of the
equilibrium from rings to chains. This prediction agrees well
with recent experimental observations for metallo-supramo-
lecular and hydrogen-bonded polymers.20,24The position of the
maximum of theMw shifts to higher temperatures and its
absolute value decreases with a decrease of concentration.
(Figures 11 and 12) The latter was experimentally observed for
hydrogen-bonded supramolecular polymers.24 At higher tem-
perature the enthalpic gain becomes insufficient to compensate
for entropic loss andMw starts to decrease. An increase in
orientational specificityB inhibits ring formation (especially
monomolecular rings from short oligomers) and decreases the
ring-chain crossover temperature leading also to the decrease
of the temperature at which the maximum of theMw is reached
and an increase in the absolute value ofMw (Figures 10, 11).
Therefore, to observe experimentally an increase inMw or
viscosity with a temperature increase it is preferable to use
associating units of intermediate-to-high orientational-specificity
(and select a spacer which prefers formation of rings of larger
sizes).

Appendix

A. Analytical Calculations in Zero Density Limit. In the
zero concentration limit, the properties of the system are
determined by the behavior of a single oligomer. The degree
of association at zero concentration is defined by the probability
of forming a monomolecular ringpo, which is connected to the
concentration of chains and rings as [C1] ) (1 - po)[O] and
[R1] ) po[O] where [O] is the original concentration of
oligomers. The degree of association is

while the ring fraction is

po is related to the equilibrium constant for monomolecular ring
formation

With an increase in the concentration it becomes possible to
form chains and rings of size two in the system. The degree of
association becomes

The degree of associationp decreases with [C1] if ∂p/∂[C1] <
0, resulting in

or

The ring fractionw becomes

The ring fraction increases with [C1] if ∂w/∂[C1] > 0 leading
to

or

Since the degree of association will eventually becomep ) 1
in the high concentration limit, a minimum inp must exist when
the condition A7 is satisfied. On the other hand, the ring fraction
will decrease tow ) 0 in the high concentration limit and a
maximum inw must exist when the condition A10 is satisfied.

A.1. Gaussian Chain Approximation.For a Gaussian chain
of N monomer units, the probability for the two ends to meet is
given byAN-3/2 whereA is a normalization constant. Consider-
ing the energy decrease∆Eassoc for forming of a flexible
reversible bond (B ) 0), the equilibrium constant for the
monomolecular ring closure is given by

We can apply similar consideration to association of two
oligomers. However, there are two ways to form a linear chain
of size two and only one way to form a ring of size two out of
two oligomers. Therefore, the equilibrium constant for formation
of flexible bimolecular ring (B ) 0) is given by

The condition A7 becomes

p )
[C1] × 0 + [R1] × 1

[O]
) po (A1)

w )
[R1]

[O]
) po (A2)

Kring,1 ≡ [R1]

[C1]
)

po

1 - po
(A3)

w p ) po )
Kring,1

1 + Kring,1
(A4)

p )
[C2] + [R1] + 2[R2]

[C1] + 2[C2] + [R1] + 2[R2]

)
Kring,1 + Kchain(1 + 2Kring,2)[C1]

1 + Kring,1 + 2Kchain(1 + Kring,2)[C1]
(A5)

1 + 2Kring,2

2 + 2Kring,2
<

Kring,1

1 + Kring,1
(A6)

1 + 2Kring,2 < Kring,1 (A7)

w )
[R1] + 2[R2]

[C1] + 2[C2] + [R1] + 2[R2]

)
Kring,1 + 2KchainKring,2[C1]

1 + Kring,1 + 2Kchain(1 + Kring,2)[C1]
(A8)

Kring,2

1 + Kring,2
>

Kring,1

1 + Kring,1
(A9)

Kring,2 > Kring,1 (A10)

Kring,1
flex ) AN-3/2e∆Eassoc/kT (A11)

Kring,2
flex )

A(2N)- 3/2e∆E/kT

2
) 2-5/2Kring,1

flex (A12)

Kring,1
flex > (1 - 2-3/2)-1 ≈ 1.547 (A13)
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which, using eq A4, gives the condition for the degree of
association at zero concentration

If the degree of association is larger than 0.607 at low polymer
concentrations then one can expect to observe a minimum inp
with an increase of concentration.
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