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Formation of reversible metallo-supramolecular networks based on 3 : 1 ligand–metal complexes

between end-functionalized oligomers and metal ions was studied using Monte Carlo simulations. The

fraction of 1 : 1, 2 : 1 and 3 : 1 ligand–metal complexes was obtained and analyzed using an analytical

approach as a function of oligomer concentration, c and metal-to-oligomer ratio, r. At low

concentration the maximum in the number-average molecular weight is achieved near the

stoichiometric composition (r¼ 2/3), while the weight-average molecular weight maximum is shifted to

higher r (x 0.75). With an increase in oligomer concentration the molecular weight maxima shift to

higher metal-to-oligomer ratios (similar to the experimentally observed viscosity) due to diminished

ring formation. Network formation as determined from the analysis of the molecular weight

distribution and reduced average cluster size occurs in a limited range of metal-to-oligomer ratios at

sufficiently large oligomer concentrations. At oligomer concentrations slightly exceeding the onset of

network formation its growth occurs by means of incorporation of sol molecules into the dangling parts

of the network. In the range of r close to the stoichometric composition the overall number of oligomers

in the sol and dangling parts is found to remain nearly constant as a function of oligomer concentration

and equal to that at the onset of network formation. The average molecular weight between effective

crosslinks decreases with oligomer concentration and reaches its minimum at the stoichiometric

composition, where the high-frequency elastic plateau modulus approaches its maximal value. At high

oligomer concentrations the plateau modulus follows a c1.8 concentration dependence, similar to recent

experimental results for metallo-supramolecular networks.
1 Introduction

Supramolecular polymers1–3 have attracted considerable interest

during the past decade for their exceptional self-healing prop-

erties based on noncovalent interactions and a wide range of

potential applications. We focus in this contribution on metallo-

supramolecular networks in which the reversible bonds between

monomeric units are based on metal–ligand coordinative inter-

actions.4–11 Versatile metallo-supramolecular networks have

been synthesized with various mechanical, chemical and stimuli-

responsive properties that can be easily tailored by fine-tuning

the molecular architecture, thermodynamic and kinetic stability

by choosing appropriate metal–ligand pairs.2,4,12 The rational

design of the supramolecular networks requires a full under-

standing and exploration of the underlying interconnection

between molecular components and the resulting bulk material’s

properties.9,13 Despite the considerable interest in metallo-

supramolecular polymers, physical characterization and experi-

mental analysis of their properties are still in an early stage of

development (due to the complexity of the system and difficulty
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in experimental measurements caused by the intrinsic kinetic

lability of the coordinative interactions) with only a few experi-

mental studies capable of elucidating their properties at

a microscopic level.5,6,8,9,11 Using a model that captures the

essential characteristics of the formation of supramolecular

polymers, computer simulation and theoretical modeling repre-

sent highly efficient tools to investigate the microscopic details

and analyze the underlying mechanism of different processes

without perturbing the equilibrium state. In this paper using

a combined computer simulation and theoretical modeling

approach, we study metallo-supramolecular polymers in solu-

tions containing end-functionalized linear flexible oligomers and

lanthanide-like metal ions as shown in Fig. 1. The lanthanide

metal ions can form complexes with up to three tridentate ligands

leading to the formation of tris (3 : 1) ligand–metal complexes

and are therefore capable of forming metallo-supramolecular

networks. In this paper the mechanism of the self-assembly of

metallo-supramolecular polymers and properties of the formed

network are analyzed in detail in order to provide a fundamental

understanding of the process which can be useful in guiding

further experimental characterization and synthetic efforts to

engineer materials with desired properties.

The formation of metallo-supramolecular polymers in

aqueous solution in the presence of bifunctional ligands and

lanthanide metal ions was investigated recently by Vermonden

and coworkers.5,6 These groups employed water soluble

2,6-dicarboxypyridine ligands with lanthanide metal ions, i.e.
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Fig. 1 A schematic representation of metallo-supramolecular polymers.
neodymium(III) or lanthanum(III), to produce thermo-reversible

metallo-supramolecular networks. At a critical oligomer

concentration or metal-to-oligomer ratio these materials exhibit

a sharp increase in the reduced viscosity during the sol–network

transition.5 The rheological studies reveal that at high oligomer

concentrations the supramolecular network yields a high

viscosity and viscoelastic properties which can be described with

the Maxwell model.6 For one of the oligomers studied the results

agree well with the prediction of Cates and Candau’s model14

that describes the dynamics of linear equilibrium polymers,

indicating that only a few 3 : 1 ligand–metal crosslinks exist in

this supramolecular network. At the same time metallo-supra-

molecular networks formed from a different oligomer possess

a smaller molecular weight between effective crosslinks and

viscoelastic behavior that follows a c1.8 concentration scaling for

the high-frequency elastic plateau modulus which is similar to

what was observed in branched worm-like CTAB (hexadecyl-

trimethylammonium bromide) micelles (in the presence of high

concentration of salt).15 Comparisons with some of the results of

these studies5,6 will be made throughout the paper. A more

complex system involving both lanthanide and transition metal

ions and the tridentate bis[2,6-bis(10-methylbenzimidazolyl)-4-

hydroxypyridine] (HO-BIP) ligand was recently utilized by

Rowan and coworkers4,7,16 to obtain a metallo-supramolecular

network. The resulting network demonstrates multiple stimuli-

responsive behavior, including thermo-, chemo- mechano- and

photo-responses, the nature of which can be controlled by the

combination of transition and lanthanide metal ions and different

solvents.8 Evidently the behavior of such a network is far more

complex due to the presence of two types of metal ions, phase

separation, crystallization, colloidal network formation and so

on.8 From a modeling perspective, to understand the behavior of

such a complex system would require a more sophisticated model,

which can be built based on the results of a more general approach

such as the one discussed below. Besides the systems with

lanthanide metal ions, there are some recent reports by Sijbesma

and coworkers on the synthesis of coordination polymers of high

molecular weight due to network formation from bifunctional

phosphorus ligands and transition metal ions palladium(II) or

platinum(II) in a similar 3 : 1 ligand-to-metal stoichiometry.17
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More recently, the same group found that combining diphenyl-

phosphinite telechelic polytetrahydrofuran with either rhodium(I)

or iridium(I) chloride in chloroform with a ligand-to-metal

stoichiometry of 4 : 1 also leads to the formation of mechano-

reversible metallo-supramolecular networks.18 It is also worth-

while to mention systems where network formation occurs via

dimerization of quadruple hydrogen-bonding ureido-pyrimidone

units between end-functional oligomers and trifunctional

units.19,20 Unfortunately these studies do not provide a large body

of experimental data which can be used for comparison with

our results. Other types of metallo-supramolecular networks

include networks formed by 2 : 1 complexes between transition

metal ions and ligands being part of side-chains of long (comb-

like) polymers.11,21–24 The self-complementary or complementary

hydrogen-bonding interactions are also widely used to construct

supramolecular networks by adopting similar approaches.25

While these supramolecular networks are also reversible, their

behavior should be described by the models of network formation

in polymer chains with multiple stickers along the chain rather

than the model discussed below.

Irreversible gel formation by telechelic prepolymers and multi-

functional crosslinkers has been investigated using computer

simulations.26–29 The structural statistics of various types of

network imperfections and the cycle ranks of the networks were

studied by Eichinger and coworkers,26,27 varying the ratios

between trifunctional crosslinkers and end-linked elastomers.

Using Monte Carlo simulations Panagiotopoulos and coworkers

studied the formation and structural properties of end-linked

polymer networks, varying the chain length as well as the ratio

between tetrafunctional crosslinker and prepolymer chain ends.28

The sol fraction and the number of loops and pendent structures

were evaluated and it was found that the gel with a minimum of

soluble fraction and maximum fraction of elastic material is

formed at a non-stoichiometric composition, which increases

with increasing precursor polymer chain length.28 These

computational studies, while having an evident similarity to the

case considered here, deal either with irreversible or reversible

network formation without consideration of non-equal reactivity

and cooperativity of complexation, which are important for

metallo-supramolecular network formation. There are also many

simulation studies which consider reversible network formation,

either between telechelic polymers where crosslinking occurs by

the association of an unlimited number of chain ends30,31 or by

binary reversible association among multiple stickers along the

chain. In both cases the intra-molecular association and the

mechanism of network formation can be quite different from

that considered here. While different simulation techniques have

been developed to study gelation, little effort has been devoted to

studying the formation of supramolecular polymers through

metal–ligand complexation.32 To the best of our knowledge, this

is the first study devoted to modeling the formation of metallo-

supramolecular networks.

A successful representation of the formation of metallo-

supramolecular networks by an analytical model would require

the consideration of the following factors: reversibility of

binding, unequal reactivity and cooperativity of the first, second

and third ligand–metal bonds and should account for formation

of both inter- as well as intra- molecular bonds. The first shell

substitution (i.e. cooperativity) effects coupled with cyclization
This journal is ª The Royal Society of Chemistry 2008



has been considered in analytical models by Gordon and

Scantlebury33 and later by Macosko and coworkers for the acid-

catalyzed sol–gel polymerization with the kinetic-recursive (KR)

model, accounting for up to two-membered rings.34 A good

agreement between the KR model and Monte Carlo simulations

(in terms of degree of polymerization) has been achieved in the

pre-gel region. However, near the gel point discrepancies

between the KR model and an exact Monte Carlo model arose

and the KR model could not predict the experimentally observed

gel conversions. Another model that considered both smallest

ring formation and different intrinsic reactivity was utilized by

Sarmoria and coworkers to study the stepwise copolymerization

between trifunctional and bifunctional monomers.35 Both

parameters delay the gel point when considered individually but

either reinforce or compensate each other depending on the

reacting conditions when present simultaneously. A satisfactory

comparison was made between the predictions of this model and

the experimental gel point. However, this model described irre-

versible stepwise reactions with no substitution effect and

formation of only the smallest possible rings was considered.

There are also many other models that have been put forward to

describe different aspects of gel formation, starting from the

classical Flory–Stockmayer model,36–38 the rate and kinetic

theory by Gordon and Scantlebury,33 and lattice models,39 to

models that consider effects of different factors on gelation:

unequal reactivity,40 ring formation39,41–43 as well as substitution

effects.44 However, we are not aware of any model that can be

directly applied or modified easily to be applicable to the

formation of metallo-supramolecular networks. We hope that

our simulation results will be helpful in the development of an

appropriate analytical model in the future.

In our computer simulation model discussed below we will

consider reversible (i.e. kinetically labile) metal–ligand

complexation, taking into account different binding energies for

the formation of the first, second and third bond between the

metal ion and ligands with no preference for any particular

molecular architectures. Using this model, we will discuss the

effect of oligomer concentration and metal-to-oligomer ratio on

the properties of the metallo-supramolecular polymers. The

conditions for the formation of a metallo-supramolecular

network will be determined. Then the network properties will be

addressed in detail by investigating the sol, network, dangling

parts, molecular weight between effective crosslinks and high-

frequency elastic plateau modulus. We will compare our results

with existing experimental data and make predictions regarding

the mechanism of network formation, as well as the influence of

oligomer concentration and metal-to-oligomer ratio on the

properties of metallo-supramolecular networks.
2 Computational details

We employ Monte Carlo (MC) simulations using the bond

fluctuation model (BFM)45,46 to study the reversible formation of

metallo-supramolecular networks by end-functionalized oligo-

mers via ligand–metal ion complexation. In our simulations,

a linear flexible oligomer consists of 8 covalently bonded

monomers, 6 of which represent a spacer and the two terminal

monomers are ligands. The metal ion is modeled as a monomer

capable of reversible association with up to three ligands. We do
This journal is ª The Royal Society of Chemistry 2008
not consider the influence of electrostatic interactions (or coun-

terion distribution) on the properties of the supramolecular

polymers, as we are interested in solutions of supramolecular

polymers with salt-screened electrostatic interactions. Each

simulation configuration consists of a fixed number No of olig-

omers and Nm of metal ions. We note that the spacer segments in

the oligomers are considered to be flexible, i.e. there is no penalty

for bending a covalent bond of the spacer. We also neglect any

penalty for bending reversible bonds between metal ions and

ligands. This model is designed to address coordination bond

formation between lanthanide metal ions and ligands,47 which

was a subject of intensive experimental studies in the recent

decade.4–6,8 In accordance with BFM rules, the distance between

any two covalently bonded monomers (or reversibly bonded

ligands and metal ions) is limited to the following values

2a,O5a,O6a,O7a,3a,O10a and each monomer occupies an effec-

tive volume of 8a3 (with a being the unit spacing of the cubic

lattice). This allows us to take into account the excluded volume

of polymers, so that our results represent good solvent condi-

tions. We note that the oligomer concentrations discussed below

are in terms of the number of oligomers per unit volume and are

presented in units of a�3. To minimize any boundary effects, we

use a periodic cubic lattice of size (64a)3.

Formation of the first bond between a metal ion and a ligand

results in a mono (1 : 1) ligand–metal complexation, which lowers

the energy of the system by DE1 ¼ 13kT (where k is the Boltz-

mann constant and T is the temperature). The mono (1 : 1)

ligand–metal complex can form a reversible bond with another

ligand and become a bis (2 : 1) ligand–metal complex, resulting in

an additional energy decrease by DE2 ¼ 9kT. Finally, the

formation of the third bond between a metal ion in a bis (2 : 1)

ligand–metal complex and a ligand leads to a tris (3 : 1) ligand–

metal complex, which is accompanied by a further energy

decrease by DE3 ¼ 7kT. The association energies we use in our

simulation were chosen to reproduce the equilibrium constants

Ki for complexation between the lanthanum metal ion La3+

(logK1 ¼ 7.98, logK2 ¼ 5.81, logK3 ¼ 4.27) and the dipicolinate

ion.48 Other metal ions from the lanthanide series may have

somewhat different association constants, which would depend

on the ligand, solvent and counterions. Nonetheless, we believe

that the results presented below expose the qualitative (and

quantitative) features common for any supramolecular complex

involving lanthanide ions, as will be discussed below.

Following the standard BFM procedure, the configuration of

the system is updated by randomly selecting one monomer and

attempting its move (following the Metropolis algorithm) to

a randomly chosen nearest-neighboring site. The move is rejected

if it violates the space constraints described above. In each MC

update, the reversible bonds between metal ions and ligands are

treated in the same way as the covalent bonds. In order to take

into account reversible association, additional bonding updates

are performed following the moving attempts of ligands. After

the moving attempt of the ligand, a reversible bond is assumed to

be broken if the ligand was previously bonded to a metal ion. All

metal ions within the bonding distance from the ligand and

capable of forming bonds with it are checked and a new revers-

ible bond is chosen from all the possible ones with a probability

given by their respective Boltzmann weights Cexp(DEi /kT),

where DEi is the energy change of the system for the formation of
Soft Matter, 2008, 4, 2039–2053 | 2041



the new bond [i ¼ 1, 2 or 3 for reversible bond leading to mono

(1 : 1), bis (1 : 2) or tris (1 : 3) ligand–metal complex formation,

respectively] and C ¼
h
1 þ

X
3

i¼1

X
Nai

j¼1
expðDEi=kTÞ

i�1

being

the probability of not forming a bond (Nai
is the total number of

available bonding sites for the bond of type i for this ligand).

Depending on its Boltzmann weight, the old bond is kept or

a new one is formed or no reversible bond is formed after the

bonding update. We disregard the effect of distance on the

respective Boltzmann weights. We note that this method of

bonding update is different from the commonly used Metropolis

algorithm but it also satisfies detailed balance. As the new

bonding configuration of the system is directly drawn from the

Boltzmann probability distribution, the association–dissociation

events proceed with a minimal potential barrier resulting in a fast

equilibration for reversible association.49

A Monte Carlo time step (MCts) is defined as the number of

MC updates equal to the number of monomers (including olig-

omers and metal ions) in the system. It corresponds to the

simulation time during which each monomer has a chance to

make one moving attempt on average. The system is brought to

equilibrium through the MC algorithm after a series of random

updates of no less than 223 z 8.4 � 106 MCts. All measurements

are performed by averaging over 222 z 4.2 � 106 subsequent

simulation configurations.

3 Results and discussion

3.1 Fraction of mono (1 : 1), bis (2 : 1) and tris (3 : 1)

ligand–metal complexes

As stated above, the reversible association between ligands and

metal ions leads to the formation of different ligand–metal

complexes. The fractions of mono (1 : 1), bis (2 : 1), and tris (3 : 1)

ligand–metal complexes with respect to the total number of metal

ions calculated from the simulations are referred to as m1, m2,

and m3 in the following. The fraction of free metal ions is then

m0 ¼ 1 �m1 �m2 �m3 and similarly the fraction of the occupied

ligands with respect to total number of ligands is fl ¼ 0.5(m1 +

2m2 + 3m3)r, where r¼Nm/No is the metal-to-oligomer ratio (Nm

and No are number of metal ions and oligomers in the system,

respectively). The dependence of the fraction of occupied ligands

on the metal-to-oligomer ratio at fixed oligomer concentrations

is found to be similar to the results of isothermal titration calo-

rimetric experiments.5 The fraction of occupied ligands linearly

increases with metal content in the metal-poor region and rea-

ches a saturation level corresponding to fully occupied ligands

above the stoichiometric metal-to-oligomer ratio of r ¼ 2/3 (i.e.

one metal per three ligands) independent of oligomer concen-

tration.

To describe the metal–ligand association analytically, we

apply a simple model based on the chemical-equilibrium among

different ligand–metal complexes, using a similar approach to

that applied to study 2 : 1 ligand–metal complexes:13,32,50,51

Kimi�1½2No �Nmðm1 þ 2m2 þ 3m3Þ�
v

V
¼ mi (1)

where Ki ¼ exp(DEi /kT � DSi /k) is the equilibrium constant for

the formation of mono (i ¼ 1), bis (i ¼ 2) and tris (i ¼ 3) ligand–

metal complexes; DEi is the energy of binding and DSi is the
2042 | Soft Matter, 2008, 4, 2039–2053
entropic penalty for the formation of the corresponding

complexes, mi is the fraction of the corresponding complexes, V

is the total volume of the system and v is the reference volume [in

the BFM the reference volume reflects the number of available

sites for nearest-neighbors (v is about 54a3)].52 Eqn 1 expresses

the equilibrium (with equilibrium constant Ki) between the

fraction of mi and mi–1 complexes and concentration of free

oligomers (expression in the square brackets multiplied by v/V).

For the lanthanide metal ions considered here the coordination

bonds are very mobile,47 so the entropic penalty DSi is due to

excluded volume only. However, for other types of metal ions,

such as transition metals where formation of either cis- and trans-

isomers is strongly preferred (depending on ligand, solvent,

etc.)53 the entropic penalty for a coordination bond would also

include the orientational specificity of association. We plan to

consider this situation in our future work. Rearranging eqn 1

some simple relationships can be derived:

m3

m2

¼ K3

K2

m2

m1

(2)

m2

m1

¼ K2

K1

m1

ð1 �m1 �m2 �m3Þ
(3)

K3m2½2No �Nmðm1 þ 2m2 þ 3m3Þ�
v

V
¼ m3 (4)

The fraction of different ligand–metal complexes m1, m2, m3

(and free metal ions m0) can be calculated numerically by solving

the equations above. As is discussed below, the analytical

predictions match the simulation results quite well at sufficiently

high oligomer concentrations (No/V > 0.0002 for all r). However,

since the analytical model does not account for ring formation,

some deviation may occur at lower oligomer concentrations

where ring formation dominates.32,51

Metal-to-oligomer ratio dependence. The fraction of different

ligand–metal complexes is shown in Fig. 2 (a) as a function of the

metal-to-oligomer ratio, r, for a constant oligomer concentra-

tion. In the oligomer-rich region (r < 0.6) tris (3 : 1) ligand–metal

complexes dominate reaching nearly 100% at high oligomer

concentrations, due to the large ligand excess. There is only

a small fraction of bis (2 : 1) and mono (1 : 1) ligand–metal

complexes in this region.

When the metal-to-oligomer ratio becomes larger (0.6 < r <

2.0) the fraction of tris (3 : 1) ligand–metal complexes starts to

decline giving rise to bis (2 : 1) ligand–metal complexes. In

particular above the stoichiometric composition (r ¼ 2/3) the

fraction of occupied ligands approaches 1, so that above this

composition there is an excess of metal sites leading to an

increase in the number of bis (2 : 1) and mono (1 : 1) ligand–metal

complexes. The fraction of bis (2 : 1) ligand–metal complexes

reaches its maximum at r ¼ 1, which corresponds to one metal

per two ligands. Using the analytical model we can calculate the

absolute value of m2 and the metal-to-oligomer ratio corre-

sponding to the maximum of bis (2 : 1) ligand–metal complexes.

To this end one can take the first derivative of eqn 3 (after

substitution of eqn 2 for m1) with respect to metal-to-oligomer

ratio and let vm2/vr ¼ 0 (assuming vm3/vr s 0):
This journal is ª The Royal Society of Chemistry 2008



Fig. 2 The composition dependence of the mole fraction of metal ions in tris (3 : 1), m3; bis (2 : 1), m2; mono (1 : 1), m1 ligand–metal complexes and free

metal ions for two different oligomer concentrations (oligomers/volume, in units of a�3) c¼ 3.81 � 10�4 (a) and c¼ 1.14 � 10�3 (b). Computer simulation

data are shown as symbols whereas predictions of the analytical model are solid curves.
m1 + 2m2 + 3m3 ¼ 2 (5)

This equation implies that at the maximum for m2 on average

two of the three metal ion sites are occupied. Solving this equa-

tion numerically together with eqn 2 and 3 one can find that at

the maximum of bis (2 : 1) ligand–metal complexes m2* z 0.733,

m3* z 0.134 and m1* z 0.133. Based on the analytical model

m1*, m2* and m3* are independent of oligomer concentration.

Above r ¼ 1, the fraction of bis (2 : 1) ligand–metal complexes

starts to decrease as the imbalance between the number of

ligands and metal sites becomes considerable leading to an

increase in the mono (1 : 1) ligand–metal fraction. In its turn, the

fraction of mono (1 : 1) ligand–metal complexes reaches its

maximum at r ¼ 2, i.e. when there is one metal site per ligand.

Taking the first derivative of eqn 3 (after substitution of eqn 2

for m3) with respect to the metal-to-oligomer ratio and letting

vm1/vr ¼ 0 one can obtain (assuming vm2/vr s 0) the following

equation

m1 + 2m2 + 3m3 ¼ 1 (6)

This equation implies that at the maximum for m1 on average

one of the three metal ion sites are occupied. Solving this equa-

tion numerically together with eqn 2 and 3 one can obtain m1
0 z

0.87, m2
0 z 0.065 and m3

0 z 1.61 � 10�4 at the maximum of 1 : 1

ligand–metal fraction. The values of m1
0, m2

0 and m3
0 predicted

from the analytical model are independent of oligomer concen-

tration. We note that these observations are based on derivations

from the analytical model, which is valid at sufficiently high

oligomer concentrations only. At low oligomer concentrations,

when ring formation becomes predominant, some deviations

from the predictions of the analytical model may occur (depend-

ing on Ki, metal-to-oligomer ratio, spacer length and rigidity).

When the metal-to-oligomer ratio becomes larger than 2 there

is a large excess of metal ions in the system and the fraction of

mono (1 : 1) ligand–metal complexes starts to decrease with an

increase in the fraction of free metal ions. The fraction of bis
This journal is ª The Royal Society of Chemistry 2008
(2 : 1) and tris (3 : 1) ligand–metal complexes is nearly zero in this

region.

Oligomer concentration dependence. Comparing Fig. 2 (a) and

(b), one can notice that oligomer concentration influences the

fraction of different ligand–metal complexes mainly in the

oligomer-rich region (below the stoichiometric composition,

r ( 2/3). In this region the fraction of tris (3 : 1) ligand–metal

complexes steadily increases with oligomer concentration since

the increase in the number of oligomers reduces the (trans-

lational) entropic penalty for bringing three ligands into the

vicinity of each other. The increase in the fraction of tris (3 : 1)

ligand–metal complexes is also accompanied by a decrease in the

fractions of bis (2 : 1) [as well as mono (1 : 1)] ligand–metal

complexes.

In the metal-rich region (above the stoichiometric composi-

tion) the fraction of different ligand–metal complexes does not

change much with an increase in oligomer concentration [cf.

Fig. 2 (a) and (b)]: the fraction of mono (1 : 1) ligand–metal

complexes slightly increases while the fraction of bis (2 : 1) and

tris (3 : 1) ligand–metal complexes slightly decreases. This change

is very small, so that the fraction of different ligand–metal

complexes when m1 ¼ m2, m1 ¼ m3 or at the maximum of 1 : 1

and 2 : 1 ligand–metal fractions is effectively independent of

oligomer concentration, as discussed above. Our analytical

model starts to deviate from the results of simulations at low

oligomer concentration where ring formation, which was not

considered in our model, becomes important. Due to ring

formation, the increase in m2* (as well as a small decrease in m0
1)

at low concentration is observed in simulations but is not pre-

dicted by the analytical model. Our simulations show that at very

low concentrations (No/V # 4 � 10�5), the fraction of bis (2 : 1)

ligand–metal complexes can reach nearly 1.0 at r ¼ 1 when all

associating species are rings (as discussed below) and it decreases

to a somewhat smaller value (m2* z 0.73) at larger concentra-

tions when small ring formation becomes less favorable (above

No/V z 3.74 � 10�4 for r ¼ 1) accompanied by an increase in
Soft Matter, 2008, 4, 2039–2053 | 2043



both fraction of the mono (1 : 1) and tris (3 : 1) ligand–metal

complexes.

3.2 Smallest dominant species

As is discussed above, in the oligomer-rich region (3 : 1) tris

ligand–metal complexes dominate on average, but what are the

typical structures formed in this range? While analyzing the

whole distribution is a rather complicated task, we looked more

closely at small species,26 which dominate the distribution at low

oligomer concentrations and in the sol phase. The discussion

presented below is based on our simulation results.

As shown in Fig. 3 for No/V ¼ 3.81 � 10�4, when the metal-to-

oligomer ratio is small, the dominant species are single unasso-

ciated oligomers. At r ¼ 0.3 they comprise nearly 63.5% of the

total number of species in the system, while the next most

favorable species [containing tris (3 : 1) ligand–metal complexes]

are the smallest ring with a side-chain (19.1%) and a mini-star

composed of three oligomers (6.0%). The rest of the associated

species comprise only 11%. With increasing metal content, the

number fraction of single unassociated oligomers decreases

greatly (to 31% for r ¼ 0.5), indicating effective polymerization.

The number fraction of the smallest rings with a side-chain

increases (to 30%), while the third dominating species (7%)

becomes the two smallest rings connected by an oligomer. The

fraction of the rest of the associated species noticeably increases

(to 33%). Around the stoichiometric composition (0.6 < r < 0.8)

the dominant species becomes a smallest ring (27% at r ¼ 2/3),

which reflects the increase in the fraction of bis (2 : 1) ligand–

metal complexes in this region (Fig. 2). The smallest ring with

a side-chain and two smallest rings connected by an oligomer

remain the next two most favorable species (23% and 13%

correspondingly at r ¼ 2/3). Contributions from other species

further increase and reach their maximum value in the range

(0.6 < r < 0.8) around the stoichiometric composition (36.7% for

No/V ¼ 3.81 � 10�4).

Further increases in the metal-to-oligomer ratio lead to an

increase in the number fraction of the smallest rings, which
Fig. 3 The composition dependence of the average number fraction of

the smallest dominant species (the three most favorable species are

depicted) for the oligomer concentration c ¼ 3.81 � 10�4.
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reaches its maximum (contributing about 65% for No/V¼ 3.81 �
10�4) at r ¼ 1 where 2 : 1 ligand–metal complexes dominate

(Fig. 2). The next largest species is a ring composed of two

oligomers (5.8% at r ¼ 1). The number fraction of species with

tris (3 : 1) ligand–metal complexes considerably decreases

together with its largest representative, a smallest ring with

a side-chain (3% at r¼ 1). This is consistent with the fact that the

fraction of tris (3 : 1) ligand–metal complexes becomes negligibly

small in this range of r values (Fig. 2). The number fraction of all

other species decreases (to 26.5% at r ¼ 1) with increasing metal

content. In the metal-rich region (r > 1.5), single oligomers with

each end occupied by one metal ion start to dominate the

distribution (87% at r¼ 2 and nearly 100% at high metal content)

because of the increase in the fraction of 1 : 1 ligand–metal

complexes (Fig. 2). The other favorable species are linear chains

composed of two oligomers (8.2% at r¼ 2) and the smallest rings

(3.95% at r ¼ 2), whose fractions decrease with an increase of the

metal-to-oligomer ratio. The fraction of other species becomes

considerably smaller as well.

3.3 Molecular weight

The molecular weight distribution as well as the weight- and

number-average molecular weights, can be obtained by counting

the number of supramolecular chains (or rings) Ni of molecular

weight Mi.

Molecular weight distribution. The weight fraction molecular

weight distribution obtained (averaging over 222 z 4.2 � 106

MCts) at the stoichiometric composition for several oligomer

concentrations is shown in Fig. 4. For small oligomer concen-

trations, the weight fraction decreases exponentially with

molecular weight, i.e. wi � exp(�lMi), where wi is the weight

fraction of species with a molecular weight Mi and l is the

decay constant. For the stoichiometric composition the decay

constant l decreases exponentially with oligomer concentration,
Fig. 4 The weight-average molecular weight distribution at the stoi-

chiometric metal-to-oligomer ratio (r ¼ 0.67) for several oligomer

concentrations. The molecular weight is shown in units of oligomer

molecular weight.
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indicating a large increase in the average molecular weight.36 At

higher oligomer concentrations the molecular weight distribu-

tion starts to deviate from an exponential dependence developing

a plateau at intermediate to large molecular weights. We note

that the obtained distribution is a result of averaging over many

MC steps. Each individual realization of the system may contain

only a single large supramolecular chain (ring) or network being

in equilibrium with several small species. Above a certain olig-

omer concentration (related to the onset of reversible network

formation, as discussed below) the part of the distribution

corresponding to large molecular weights starts to grow, devel-

oping a distinct peak, indicating the formation of large supra-

molecular objects. As is seen from Fig. 4 the peak becomes more

narrow, its height increases and its position shifts linearly to

higher values as the oligomer concentration increases (with the

absolute values for the peak height and position being dependent

on the simulation box size). Correspondingly the separation

between the low and high molecular weight parts of the distri-

bution increases and the contribution of the high molecular

weight part steadily increases. The low molecular weight part of

the distribution still follows the exponential dependence while

the high-molecular weight part can be approximated by

a (asymmetric) Gaussian or Lorenzian distribution. Analyzing

the area under the corresponding parts of the distribution one

can determine the sol and reversible network fraction, corre-

spondingly (which will be discussed in detail below).

The average molecular weight distribution calculated at

different metal-to-oligomer ratios (not shown) behaves rather

similarly to that described above (and shown in Fig. 4). The

only exception corresponds to the case of a strong mismatch

in the number of oligomers and metal ions, when the distribu-

tion follows an exponential decay regardless of oligomer

concentration.

Average molecular weight. The weight- and number-average

molecular weights were calculated as Mw ¼ SNiMi
2/SNiMi and

Mn ¼ SNiMi /SNi, respectively. The results for Mw and Mn at
Fig. 5 The composition dependence of (a) weight- and (b) number-average m

oligomer concentrations [the same for (a) and (b)]. The vertical dashed lines c

weights for the lowest oligomer concentration considered.
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different metal-to-oligomer ratios for several (low) oligomer

concentrations are shown in Fig. 5.

For a constant oligomer concentration, the molecular weights

(both number- and weight-average) reach large values when the

metal-to-oligomer ratio r is between 0.5 and 1.0. In this range of

metal-to-oligomer ratios, the fraction of both bis (2 : 1) and tris

(3 : 1) ligand–metal complexes is considerable, implying a large

degree of association leading to formation of high molecular

weight supramolecular polymers (cf. the fraction of large species

in Fig. 3). The mismatch between metal ions and ligands away

from the stoichiometric composition will decrease the degree of

association and thus the average molecular weight. Similar

behavior based on viscosity measurements performed at constant

polymer concentrations but with changing metal contents has

been recently reported for aqueous solutions of Nd3+ (or La3+)

and bifunctional ligands consisting of two pyridine-2,6-dicar-

boxylate groups connected by a flexible spacer.5 These supra-

molecular polymers exhibit high viscosity around the

stoichiometric composition, which decreases quickly when there

is an excess or deficiency of metal ions.

Even though both the number- and weight-average molecular

weight reach large values in a similar range of metal-to-oligomer

ratios (r), a close inspection shows that their maxima are attained

at different r. Indeed, for sufficiently low oligomer concentra-

tions the maximum of the number-average molecular weight

occurs at about the stoichiometric composition rz 2/3, while the

weight-average molecular weight reaches its maximum at about

r z 3/4. We note that small rings involving 3 : 1 ligand–metal

complexes also reach their maximum at the stoichiometric

composition as is seen from Fig. 6. Since small rings are the

dominant species at low oligomer concentrations, this maximum

translates into the maximum of the number-average molecular

weight. A slight excess in the number of metal ions makes

possible ring-opening with the formation of larger molecular

weight structures. This is the reason for the shift in the position of

the maximum in Mw to larger r values, compared to the

maximum in Mn. As is seen from Fig. 5, this trend persists over
olecular weights (in units of oligomer molecular weight) for different low

orrespond to the maximum of the weight- or number-average molecular
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Fig. 7 The composition and oligomer concentration dependence of

weight-average molecular weight (in units of oligomer molecular weight).

The oligomer concentration dependence of the weight-average molecular

weight for several metal-to-oligomer ratios is illustrated as projections.

Fig. 6 The composition dependence of the smallest rings with bis (2 : 1)

(solid) and tris (3 : 1) (open) ligand–metal complexes for three different

oligomer concentrations, respectively. The vertical dashed lines corre-

spond to r ¼ 0.67 (stoichiometric composition) and r ¼ 1.0.
the range of oligomer concentrations considered and it was also

observed in our simulations for a longer oligomer length (N¼ 16,

data not shown). At low oligomer concentrations the behavior of

the number-average (and to some extent the weight-average)

molecular weight is rather asymmetric, i.e. its decrease is more

pronounced in the metal-rich area (compared to the oligomer-

rich region). Around the metal-to-oligomer ratio of 1.0

a shoulder is clearly seen and starts to disappear when the olig-

omer concentration is increased. The reason for the occurrence

of the shoulder at low oligomer concentrations is the strong

tendency of oligomers to form intra-molecular bonds, especially

in the form of the smallest rings at r ¼ 1 (see Fig. 3 and 6).

Formation of intra-molecular bonds increases the total number

of species and thus results in a decrease in the number-average

(and weight-average) molecular weight. Upon close inspection of

Fig. 5, it can also be seen that starting from the lowest oligomer

concentration considered, the maxima of the weight- and

number- average molecular weights shift to slightly larger metal-

to-oligomer ratios with increasing oligomer concentrations. A

similar shift of the maximum of the reduced viscosity is also

observed experimentally for aqueous solutions of Nd3+ (or La3+)

with bifunctional ligands.5 As is seen from Fig. 6 the contribution

of the smallest rings to the overall polymer population decreases

with an increase in oligomer concentration and as a result the

appearance of the shoulder at r ¼ 1 diminishes and the corre-

sponding molecular weight increases. This shifts the weight-

average molecular weight to higher r. A somewhat similar effect

was observed experimentally for the viscosity of 2 : 1 metal–

ligand complexes.51,50

As is seen from Fig. 5, an increase in oligomer concentration

results in an increase in the weight- and number-average

molecular weights. The concentration dependence of the weight-

average molecular weight at different metal-to-oligomer ratios is

shown in Fig. 7. A steep increase in Mw is observed above some

critical oligomer concentration, which varies with metal-to-

oligomer ratio. Similar behavior was observed in computer
2046 | Soft Matter, 2008, 4, 2039–2053
simulations of the random polycondensation of telechelic linear

chains cured with tri- and tetrafunctional crosslinkers.27 As is

seen from the 2-D projection (shown in Fig. 7), the concentration

dependence of the weight-average molecular weight increases

sharply above some point, exhibiting a sigmoidal profile in the

log–log scale with an inflection point corresponding to the onset

of reversible network formation.27,54 Qualitatively similar

behavior of the viscosity around the gel point was observed for

metallo-supramolecular polymers.5 At high oligomer concen-

trations the weight-average molecular weight increases in a linear

manner with concentration, indicating that nearly all oligomers

are incorporated in a reversible network. As is seen from Fig. 7,

for r x 0.75, Mw starts to increase at a lower oligomer concen-

tration compared to other metal-to-oligomer ratios. We can

recall that r x 0.75 corresponds to the metal-to-oligomer ratio

when the maximum of Mw is achieved (at least at low oligomer

concentrations) (Fig. 5). Away from the stoichiometric compo-

sition, the increase in molecular weight with concentration

becomes noticeably smaller as the association is limited either by

the number of metal ions or oligomers.

3.4 Reversible network formation

As is seen from Fig. 7, above some oligomer concentration the

weight-average molecular weight increases rapidly with oligomer

concentration for a range of metal-to-oligomer ratios. Also the

molecular weight distribution above a certain oligomer concen-

tration starts to exhibit an additional peak indicating formation

of large supramolecular objects in the system (Fig. 4). Both of

these features are indications of reversible network formation.

One can recall that in classical gelation theory36,54 the sharp

increase of weight-average molecular weight accompanies the

transition from viscous fluid to elastic gel.

In order to determine the critical conditions (in terms of

oligomer concentration and metal-to-oligomer ratio) for revers-

ible network formation, we analyzed the reduced averaged

cluster size which is defined as55
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P
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2
i �M2

maxP
i NiMi

(7)

The reduced averaged cluster size is similar to the weight-

average molecular weight, except for subtraction of the contri-

bution of the largest supramolecular species Mmax. Since Mmax is

rather small at low oligomer concentrations, the reduced aver-

aged cluster size behaves similarly to the weight-average molec-

ular weight, i.e. it increases with an increase in oligomer

concentration (for fixed metal-to-oligomer ratios) until the onset

of reversible network formation (if any). Beyond this point, the

contribution of the largest supramolecular species to the weight-

average molecular weight rapidly increases, resulting in the sharp

decline of the reduced averaged cluster size with further increase

in oligomer concentration. Therefore, the maximum of the

reduced averaged cluster size represents a clear indication of

the onset of reversible network formation,27,29,55 as shown in

Fig. 8.

Another way to obtain the critical conditions for reversible

network formation is by analyzing the molecular weight distri-

bution. As is seen from Fig. 4 for the stoichiometric composition,

with an increase in oligomer concentration the molecular weight

distribution changes from pure exponential decay to a more

complex form. The concentration (c ¼ 8.0 � 10�4 for r ¼ 2/3) at

which the distribution starts to develop an additional peak at

larger molecular weights can be considered as a turning point,

above which the large molecular weight species (network) starts

to grow. Mathematically this point can be found by calculating

the slope of the molecular weight distribution and equating it to

zero for a finite molecular weight. At oligomer concentrations

slightly below the onset of reversible network formation the slope

of the molecular weight distribution is negative and exhibits

a maximum and a minimum. The point at which the maximum of

the slope reaches zero can be taken as the onset of network

formation (see ESI†). As is shown in Fig. 8 this definition
Fig. 8 The critical conditions in terms of metal-to-oligomer ratio and

oligomer concentration for: (1) the reversible network formation deter-

mined by averaged reduced cluster size (black squares), molecular weight

distribution (blue diamonds), (2) the overlap concentration (open trian-

gles), (3) the fraction of sol is equal to that of network (red circles), (4) the

fraction of dangling parts being equal to network core (magenta triangles).
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provides results which are very close to that determined using the

reduced averaged cluster size criterion.

As is seen from Fig. 8, reversible network formation requires

a sufficient concentration of oligomers and a reasonable balance

between the number of oligomers and metal ions. The lowest

concentration for the formation of the network (c ¼ 7.0 � 10�4)

corresponds to a metal-to-oligomer ratio of about 0.75, where

the weight-average molecular weight reaches its maximum as

shown in Fig. 5. For other metal-to-oligomer ratios, it takes

a larger concentration of oligomers to reach the onset of

reversible network formation. As a result, outside of the filled

region shown in Fig. 8 (0.45 ( r ( 1.025) the small number of

oligomers or the mismatch between the number of metal ions and

oligomers hinders formation of the network. In the metal-poor

region the significant fraction of unreacted oligomers (Fig. 3)

prevents formation of the network despite the high fraction of

tris (3 : 1) ligand–metal complexes (Fig. 2). Similarly, in the

metal-rich regime the dominance of mono (1 : 1) ligand–metal

complexes (Fig. 2) leads to formation of short linear chains

(Fig. 3) preventing the network formation. This implies that at

sufficiently high oligomer concentrations an increase (or

decrease) in the metal-to-oligomer ratio can lead to a network

formation starting at some metal-to-oligomer ratio rlow (rhigh)

below (above) the stoichiometric composition. (Correspondingly

the reduced averaged cluster size exhibits two maxima at rlow and

rhigh with a minimum in between.) The range of compositions

allowing reversible network formation increases with oligomer

concentration, especially in the metal-poor region (Fig. 8).

It is worthwhile to compare the onset of the reversible network

formation with the overlap concentration, when individual coils

formed by reversibly associated (branched) chains and rings start

to interpenetrate each other. To evaluate the overlap concen-

tration, we estimated the volume of each individual species as 4p

< Rg
2 > 3/2/3 (where Rg is the radius of gyration) and equated the

sum of volumes for all species to the total volume of the system.

By averaging over 4.2 � 106 MCts following equilibration we

obtained the overlap concentration (for each metal-to-oligomer

ratio), shown in Fig. 8. As is seen in the range of metal-to-olig-

omer ratios 0.6 ( r ( 0.8 the overlap concentration practically

coincides with the critical concentration for reversible network

formation, i.e. formation of the network starts as soon as

reversibly associated chains/rings begin to interpenetrate each

other. At higher or lower metal-to-oligomer ratios the onset of

reversible network formation occurs at higher oligomer

concentrations when individual polymer coils already overlap

each other. The larger oligomer concentration is required to

achieve the necessary degree of crosslinking (high r) or large

enough overall size of individual branched molecules (small r) to

form the network.

Besides the above-mentioned criteria for the onset of network

formation, there are a few others which have been applied as

indicators of gel formation.27,30,54,56,57 Among such criteria are the

direct percolation method30,57 when a large structure connecting

all sides of the simulation box can be viewed as a gel. In our

simulations we found this method to be less precise (compared to

the reduced average cluster size and molecular weight distribu-

tion) as the results exhibited noticeable fluctuations and were

influenced by the box size. One more definition of the gel point

which has some practical implications (e.g. experimentally
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Fig. 9 The oligomer concentration dependence of the fraction of

network (black squares), network core (red circles), dangling parts (blue

up triangles) and sol (olive down triangles) for r ¼ 0.75. The simulation

results for the sum of sol and dangling parts are shown as magenta left

triangles and the best fit of the data to A/c (see text) is shown as dash–dot

curve with the equation used shown next to the curve. The vertical dotted

line corresponds to the point where the fraction of sol and network are

equal and the vertical dashed line indicates the point where fractions of

dangling parts and core are equal. The lowest concentration shown

corresponds to the onset of network formation.
measured viscosity behavior) concerns the abrupt increase in the

weight-average molecular weight,27,54 which we observed in our

simulations (Fig. 7). However its practical realization (e.g.

determination of the inflection point of Mw in a log–log plot) was

also somewhat unsatisfactory, as the results were influenced by

the choice of oligomer concentration range for fitting and

simulation data uncertainty. Instead we considered some

molecular interpretations of such criteria. Evidently, beyond the

point where the weight fraction of reversible network starts to

dominate over the sol fraction, the properties of the network

will dominate and one can expect to observe experimentally

‘‘gel-like’’ behavior (e.g. based on viscosity measurements). The

corresponding range (of oligomer concentrations and metal-to-

oligomer ratios) is shown in Fig. 8 (single-hatched area). The

points where the weight fraction of network and sol are equal

follow the similar general pattern as for the onset of network

formation, but are shifted to higher oligomer concentrations.

This shift is especially large away from the stoichiometric

composition where network growth occurs more gradually. The

region between the onset of network formation and the network-

dominated area boundary corresponds to the initial stage of

network growth when more than one large supramolecular

species can compete for dominance and the growth occurs by

incorporation of some of the sol molecules into the network (as

will be discussed below). A sharp increase in the weight-average

molecular weight (and corresponding increase in viscosity)

occurs in this region, close to the boundary of the network-

dominated area (where the fraction of network and sol are equal)

especially at metal-to-oligomer ratios away from the stoichio-

metric composition.

As mentioned in the Introduction, while the field of analytical

models for gelation is very broad, most of them deal with irre-

versible gelation and consider only one or two factors34,35 influ-

encing the gelation, while in our system unequal reactivity,

substitution (cooperativity of binding) effects and ring formation

all play an important role. As a result, it comes as no surprise that

comparison with the classical Flory–Stockmayer model36–38 does

not provide a satisfactory result: network formation in our

simulations occurs at considerably higher oligomer concentra-

tions (nearly 40 times higher for the stoichiometric composition)

and more narrow metal-to-oligomer ratios than anticipated by

classical gelation models (data not shown).
3.5 Sol, network and its constituents

As we discussed above, beyond the onset of network formation

growth of a large supramolecular network(s) spanning the whole

system becomes favorable. This does not mean, however, that all

the oligomers will immediately become part of the network.

There will remain some fraction of small (branched) rings, chains

similar to what exists at lower oligomer concentration. These

molecules, sol, will coexist in equilibrium with the network. The

molecular make-up of the sol is dominated by the same small

species as at low oligomer concentration (Fig. 3). At the onset of

network formation the fraction of sol is close to 1, as is seen from

Fig. 9, where the concentration dependence of the weight frac-

tion of oligomers in the network (network fraction) and sol (sol

fraction) are shown for the metal-to-oligomer ratio, r ¼ 0.75.

With an increase in oligomer concentration the network fraction
2048 | Soft Matter, 2008, 4, 2039–2053
increases rapidly until it levels off, gradually reaching unity. At

this point the weight-average molecular weight approaches the

total number of oligomers in the system. The growth of the

network occurs at the expense of the sol, whose fraction

decreases with an increase in the oligomer concentration, tending

to zero at higher concentrations. For metal-to-oligomer ratios

away from the stoichiometric composition, e.g. r ¼ 0.5, the

growth of the network fraction (and decline of the sol fraction)

occurs more slowly with concentration, leveling off at some value

less than 1 (about 0.8 for r ¼ 0.5) implying the existence of

a significant fraction of sol even at the highest oligomer

concentrations. This is a consequence of the mismatch between

the number of metal sites and ligands, resulting in some fraction

of ligands or metal sites remaining unoccupied within the

molecules contributing to the sol.

To get an insight into the architecture of the metallo-supra-

molecular network, we analyzed our simulation results

distinguishing between the core (the highly-crosslinked part of

the network) and the dangling parts. We define the dangling

parts as the branches of the network which are connected to the

rest of the network through a single path, i.e. cutting this path

would lead to the formation of separate independent species.

Dangling parts include rings, linear and branched chains

connected by one end to the rest of the network. The concen-

tration dependence of the weight fraction of dangling parts and

network core (with respect to the total amount of oligomers in

the system) is shown in Fig. 9 for r ¼ 0.75. As is seen, close to the

onset of network formation the weight fraction of dangling parts

exceeds that of the core. With a further increase in oligomer

concentration the fraction of core consistently increases while

the fraction of dangling parts firstly increases and exhibits
This journal is ª The Royal Society of Chemistry 2008



Fig. 10 The composition dependence of the average molecular weight

between effective crosslinks Me for different oligomer concentrations (c¼
7.63 � 10�4, c ¼ 1.14 � 10�3, c ¼ 1.53 � 10�3, c ¼ 1.9 � 10�3, c ¼ 2.3 �
10�3, and c¼ 3.8 � 10�3 from top to bottom). The minimum of Me occurs

at the stoichiometric composition for all concentrations (dashed line).

The inset shows the concentration dependence of the minimum molecular

weight between effective crosslinks Me0 (see text).
a maximum followed by a decrease. As a result, above a certain

oligomer concentration the core fraction starts to exceed the

dangling part contribution. One can recall that dangling parts do

not carry stress36,58 so this oligomer concentration can be

considered as the boundary of an ‘‘elastic network’’. The corre-

sponding concentrations (when the fraction of core and dangling

parts become equal) are shown in Fig. 8. As is seen, this

concentration is noticeably higher than the concentration when

the number of oligomers in the network starts to dominate that

in the sol and the range of metal-to-oligomer ratios is more

narrow. The latter observation is connected with the fact that the

larger is the mismatch between the number of ligands and metal

sites, the larger is the weight fraction of dangling parts and it

takes a larger oligomer concentration for the weight fraction of

the core to reach that for dangling parts. For a range of metal-to-

oligomer ratios away from stoichiometric composition (espe-

cially in the metal-rich region) the weight fraction of the core

never exceeds that of the dangling parts.

While analyzing the properties of the network and sol in the

range 0.65 ( r ( 0.9, one can make an interesting observation.

In this range the decrease in the number of oligomers in the sol

with an increase in concentration beyond the onset of network

formation is accompanied by nearly the same increase in the

number of oligomers that associated with the dangling parts. To

illustrate this point we plotted in Fig. 9 the weight fraction of

oligomers in the sol and the dangling parts together and fitted it

by A/c function (noting that the simulation volume is constant,

an increase in oligomer concentration c would imply a decrease

in weight fraction of a constant according to a reciprocal func-

tion). As is seen the fit is rather good with the constant, A ¼ 7.65

� 10�4, being close to the concentration of oligomers at the onset

of network formation for r ¼ 0.75. This behavior implies that at

concentrations just above the onset of network formation some

fraction of sol molecules become incorporated into the network

as dangling parts. When the number of oligomers in the sol

becomes smaller at higher concentration (i.e. the network-

dominated regime), this mechanism of network growth becomes

inactive and the weight fraction of dangling parts starts to

decline. Even through the absolute number of oligomers in

the dangling parts may slowly increase with concentration the

maximum number is limited by the number of oligomers at

the onset of network formation. This implies that there is a crit-

ical mass of oligomers necessary to start the network formation

process and this number of oligomers remains practically

constant in the form of sol or dangling parts of the network

throughout the whole oligomer concentration range considered

herein. In other words, almost any additional oligomer in excess

of the amount corresponding to the onset of network formation

will contribute to the core of the growing network while the

number of oligomers in the sol and dangling parts remains nearly

constant. While this observation holds in the range 0.65 ( r (

0.9, where the fraction of dangling parts becomes rather small at

high oligomer concentrations, outside this range the number of

oligomers in dangling parts grows continuously without leveling

off and the fraction of oligomers in the sol does not decrease as

much. As we discussed above, a strong mismatch between the

number of ligands and metal ions implies a large or even domi-

nant fraction of dangling parts in the network indicating possibly

a different mechanism of network growth and resulting in
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a supramolecular network with different properties (e.g. elastic

properties, see next section).

3.6 Mesh size and elastic modulus

Another important characteristic of the network is the degree of

crosslinking or average mesh size. In our system only tris (3 : 1)

ligand–metal complexes can serve as crosslinks. According to

Scanlan59 and Case,60 the effective crosslinks are those with at

least three paths to the rest of the network. Therefore among tris

(3 : 1) ligand–metal complexes only those which are not part of

dangling branches (or serve as the attachment points for

dangling parts) will be effective crosslinks. The number of

effective crosslinks, Nx, can be directly obtained from the simu-

lations (as long as the dangling parts are determined). The strand

of (several) oligomers connected at both ends to the effective

crosslinks can carry stress and can be considered elastically

active. Knowing the number of effective crosslinks Nx, the

number of elastically active strands is simply Ns ¼ 3Nx/2 (as each

metal ion in 3 : 1 complexes is connected to 3 ligands and there

are two ligands per oligomer). The bis (2 : 1) ligand–metal

complexes merely extend the length of an elastically active

strand. Thus the average molecular weight between effective

crosslinks (in units of oligomer mass) is Me ¼ (Nn � Nd)/Ns,

where Nn and Nd are the number of oligomers in the network and

dangling parts, respectively.

The average molecular weight between effective crosslinks has

been calculated for different oligomer concentrations and metal-

to-oligomer ratios and the results are shown in Fig. 10. The

average molecular weight between effective crosslinks Me

decreases with an increase in metal content, reaches a minimum

around the stoichiometric composition and then increases with

a further increase in metal content. As is seen from Fig. 10, these

changes are relatively symmetric with respect to the composition
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Fig. 11 A contour plot of G0 (in units of kT, labeled on each curve) on

the plane of metal-to-oligomer ratio and oligomer concentration. The red

circles and magenta triangles are the same as in Fig. 8 and correspond to

the points when the sol fraction is equal to the network fraction and the

core fraction is equal to that for the dangling parts. The dashed line

connects the metal-to-oligomer ratios at which the maximum of the G0

occurs for any given oligomer concentration. The average molecular

weight between effective crosslinks (in units of oligimer molecular weight)

is shown on the right at the oligomer concentration 3.8 � 10�3 for several

metal-to-oligomer ratios.
corresponding to the minimum of Me (at least in the range 0.55 <

r < 0.90). By fitting the data for a constant oligomer concen-

tration [using the equation Me ¼ A(r � r0)2 + Me0] the minimum

of the molecular weight between effective crosslinks (Me0) was

determined to be at the stoichiometric composition r0 ¼ 2/3

(within the simulation error bar). Comparing results for different

oligomer concentrations we found that Me0 decreases systemat-

ically with an increase in oligomer concentration (as shown in the

inset of Fig. 10) reaching values as small as 1.3 times the oligomer

weight. In the metal-rich cases (r > 0.9) Me can reach noticeably

larger values (up to 12 oligomer weights) which is consistent with

the larger fraction of bis (2 : 1) ligand–metal complexes in this

area. For a fixed metal-to-oligomer ratio, the molecular weight

between effective crosslinks decreases with an increase in olig-

omer concentration, following a qualitatively similar trend as

for Me0. Similar behavior was experimentally observed for

neodymium(III)-2,6-dicarboxypyridine ligand gels (based on the

behavior of the measured elastic modulus).6

We have also calculated the average mesh size of the network,

rm, i.e. the average distance between effective crosslinks (details

of the calculations are described in the ESI†). We found that

mesh size varies in the range 11a ( rm ( 36a and follows

a somewhat weaker overall dependence rm � Me
0.475 than the

end-to-end distance Rend � M0.63 (where M is the molecular

weight) of a linear chain in dilute solution (see Fig. S2 in the

ESI†). This is likely the result of high average density of the

network core.

The elastic response of the reversible polymer network to

a deformation can be characterized by the equilibrium high-

frequency elastic plateau modulus G0.6 An estimation of G0 can

be made assuming that the elasticity is mainly supported by the

effective strands of the network, Ns, which contribute to the

macroscopic elastic response as:

G0 y Ns kT (8)

Besides the contribution of effective strands, the plateau

modulus G0 can also be influenced by entanglement effects.61 For

irreversible polymer networks and melts studied using the BFM

approach (similar to what we use) it was shown that entangle-

ments start to play an important role in the dynamic (and elastic)

properties of the system for chain lengths higher than 38

monomers.62,63 Since we use oligomers of much shorter length (6

spacer monomers with two terminal ligands) and consider

reversible crosslinking (or branching) the entanglement effects

are expected to be very minor compared to the contribution of

the effective strands to G0 and will be ignored below. We note

that we define G0 in terms of the absolute values of the number of

effective strands rather than their concentration30,36 which does

not affect the concentration dependence of G0, taking into

account that the volume of the simulation box is fixed.

The contour plot of G0 on the plane of metal-to-oligomer ratio

and oligomer concentration is shown in Fig. 11. As expected G0

increases with an increase in oligomer concentration reaching its

maximum around the stoichiometric composition, where the

molecular weight between effective crosslinks Me is found to be

the smallest (Fig. 10). At lower oligomer concentrations the

largest values of G0 are attained at a somewhat larger metal-to-

oligomer ratio, r x 0.7, where the weight-average molecular
2050 | Soft Matter, 2008, 4, 2039–2053
weight is large (Fig. 7). In contrast to Me discussed above, G0 is

asymmetric with respect to the stoichiometric composition: for

the same value of Me, G0 is higher in the metal-rich region

compared to the metal-poor region (Fig. 11). This trend can be

understood taking into account that while in the metal-rich

region the overall fraction of 3 : 1 complexes is low, a consider-

able fraction of them serve as effective crosslinks Nx. In contrast,

the large number of tris (3 : 1) ligand–metal complexes in the

metal-poor region (Fig. 2) does not result in a significant number

of effective crosslinks, as a large number of sol species and highly

branched dangling parts consume a large fraction of 3 : 1

complexes. Comparing the boundary of the ‘‘elastic network’’

(i.e. where the fraction of the core equals that of dangling parts)

with constant G0 lines one can notice that the latter is slightly

shifted to lower r values (especially in metal-poor region). The

main reason for this is that G0 is calculated based on the absolute

number of effective crosslinks (which is largest near the stoi-

chiometric composition) while the ‘‘elastic network’’ boundary is

defined based on weight fractions (with a maximum in the

weight-average molecular weight attained around r x 0.75,

Fig. 5 and 7).

The concentration dependence of the high-frequency elastic

plateau modulus G0 is presented in Fig. 12 for a range of metal-

to-oligomer ratios in the ‘‘elastic network’’ region. Besides the

general increase in G0 with concentration, one can notice that

quantitatively the behavior of G0 is rather similar for all r

considered, especially at high oligomer concentrations. In

particular, a similar scaling dependence can be noticed (in the

log–log scale of Fig. 12) at large oligomer concentrations:

G0 � c1.8 (9)
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Fig. 12 The oligomer concentration dependence of G0/kT for several

metal-to-oligomer ratios. At higher concentrations G0/kT follows a c1.8

dependence shown by the solid line.
It is interesting to note that the same scaling dependence was

observed for neodymium(III)-2,6-dicarboxy-pyridine ligand

supramolecular networks (for C6 oligomers).6 Earlier a similar

dependence was reported for branched worm-like CTAB

(hexadecyltrimethylammonium bromide) micelles (in the pres-

ence of a large concentration of salt).15 While this dependence is

somewhat weaker than what is expected for networks in the

semidilute regime,58 c9/4, it is plausible that this scaling is

a reflection of the common mechanism of elastic response in

these types of reversible networks including breaking and

reformation of bonds in a new place without changing the degree

of association. We note that for r values outside the range given

in Fig. 12 not only is G0 smaller (Fig. 11) but it also follows

a qualitatively different c dependence, that reflects a different

network architecture (e.g. a large fraction of dangling parts

compared to the core).

The results presented above are based on the series of simu-

lations performed for constant values of association energies for

the first, second and third ligand–metal bond and a flexible

spacer of 6 repeat units. Evidently the association energy, spacer

length and flexibility can all influence the obtained results

because of the complex interplay of these factors. For instance,

increasing the spacer length and rigidity would decrease the

probability of (monomolecular) ring formation.32,52 As a result

one can expect preferential formation of branched molecules of

larger molecular weight and network formation at lower olig-

omer concentrations. These factors may also influence the metal-

to-oligomer ratio corresponding to the maximum of molecular

weight, elastic plateau modulus or network fraction.28 Clearly,

formation of metallo-supramolecular networks is a complicated

process, influenced by a range of parameters. It would be desir-

able to develop an analytical approach that describes the

behavior of metallo-supramolecular networks, which will be

a subject of our future work.

4 Conclusions

In this paper we have applied Monte Carlo simulations and an

analytical approach to study metal–ligand complexation in
This journal is ª The Royal Society of Chemistry 2008
solution at thermodynamic equilibrium. The metal ions could

form complexes with up to three ligands, leading to a reversible

metallo-supramolecular network under certain conditions. We

have investigated the effects of oligomer concentration and

metal-to-oligomer ratio on the formation and the properties of

the metallo-supramolecular network.

We found that for a constant oligomer concentration in the

oligomer-rich region tris (3 : 1) ligand–metal complexes domi-

nate. Their fraction decreases with an increase in the metal

content giving rise to bis (2 : 1) ligand–metal complexes (with

a maximum around r ¼ 1) and mono (1 : 1) ligand–metal

complexes (with a maximum at r ¼ 2). These simulation results

favorably compare with a chemical-equilibrium based analytical

model (Fig. 2). The influence of oligomer concentration on the

fraction of different ligand–metal complexes is noticeable mainly

in the oligomer-rich region: the fraction of 2 : 1 and 1 : 1 ligand–

metal complexes decreases and the fraction of tris (3 : 1) ligand–

metal complexes increases with an increase in oligomer

concentration. For r ¼ 1 ring formation is strongly preferable at

low concentrations giving rise to 2 : 1 ligand–metal complexes.

The population of the most favorable small species as a function

of metal-to-oligomer ratio was analyzed (Fig. 3).

Our analysis shows that the weight fraction decays exponen-

tially with molecular weight at low oligomer concentration, as

expected. At higher oligomer concentration the molecular weight

distribution exhibits a maximum at high molecular weights

indicating network formation (Fig. 4). For a constant low olig-

omer concentration, the number-average molecular weight rea-

ches its maximum at the stoichiometric composition (r ¼ 2/3),

while the maximum position for the weight-average molecular

weight is achieved at a somewhat higher metal-to-oligomer ratio,

r ¼ 0.75 when there is a significant fraction of both 2 : 1 and 3 : 1

ligand–metal complexes (Fig. 5). We found that with an increase

in oligomer concentration the maximum positions for both Mn

and Mw shift to larger metal-to-oligomer ratios, in agreement

with reduced viscosity measurements for aqueous solutions of

Nd3+ (or La3+) with bifunctional ligands terminated by pyridine-

2,6-dicarboxylate groups.5 We explained this shift based on the

decrease in the fraction of the smallest rings and hence increase of

molecular weight at r ¼ 1 (Fig. 6).

The onset of reversible network formation was determined in

our simulations by analyzing the reduced averaged cluster size

and molecular weight distribution. It was found that the

formation of metallo-supramolecular networks starts at low

concentration in the range of metal-to-oligomer ratios close to

r ¼ 0.75, where the weight-average molecular weight reaches its

maximum. With an increase in oligomer concentration network

formation expands to a range of metal-to-oligomer ratios, with

critical values rupper and rlower above or below which a network

will never form due to the strong mismatch between the number

of oligomers and metal ions (Fig. 8). Another measure of

network formation, which is relevant to the experimentally

measured viscosity, can be defined as the point above which the

network fraction dominates over the sol fraction. The range of

corresponding metal-to-oligomer ratios is even more narrow in

this case compared to the onset of network formation and is

shifted to higher concentrations (Fig. 8).

Analyzing the network properties, we found that at oligomer

concentrations slightly above the onset of network formation,
Soft Matter, 2008, 4, 2039–2053 | 2051



network growth proceeds via incorporation of sol molecules into

the network in the form of dangling parts. At higher concen-

trations this mechanism of network growth becomes inactive and

the fraction of dangling parts starts to decrease together with the

sol fraction (Fig. 9). We noticed that the overall number of

oligomers in the sol and dangling parts often remains constant

over a range of concentrations and is approximately equal to the

total amount of oligomers at the onset of network formation. We

also analyzed the oligomer concentration and metal-to-oligomer

ratio dependence of the average molecular weight Me between

effective crosslinks (i.e. the crosslinks carrying stress). We found

that Me decreases with an increase in concentration in a quali-

tatively similar manner as was experimentally observed,6 with the

smallest Me achieved at the stoichiometric composition (Fig. 10).

Correspondingly, the high-frequency elastic plateau modulus G0

also reaches its largest values near the stoichiometric composi-

tion at high concentration. At lower oligomer concentrations the

maximum in G0 shifts more towards r ¼ 0.75, i.e. the maximum

in the weight-average molecular weight. Analyzing the concen-

tration dependence of the elastic plateau modulus for 0.60 # r#

0.95 we found that it follows G0 � c1.8 scaling dependence (in the

high oligomer concentration range), similar to the experimental

observations for neodymium(III)-2,6-dicarboxypyridine ligand

supramolecular networks (for C6 oligomers)6 and branched

worm-like CTAB micelles (in the presence of a high concentra-

tion of salt).15
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