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I. Forewords

Propagators are very important in the calculation of physical systems. We can ana-
lytically or numerically evaluate the evolution of a physical system if we can evaluate its
propagator. Therefore, we feel that we should calculate the propagator of a physical system
before we can understand this system.

Generally, most of the propagators of physical systems are not already solved or can be
easily solved. The purpose for this project is to do analytic calculations on Dirac propagator
in external fields and see if we can get an exact solution or how far can we carry on the
analysis.

IT. Perturbation in Constant Magnetic Field

Dirac propagator in external EM field,
[Za - GA(.Z’) - m]SF(x7 I/) = 54<$ - ‘T/)v
is usually solved by perturbation from free propagator,

(i — m)Sh(z,2') = 04z — 2).

—

Shw.a') = [ dyShle,y)id, —eAly) — mlSe(y, o)
= [ d'ySh@ )i 9, —eAl) - mISe(y,2')
— Sp(e,a) — [ d'ySh(e,v)eAy) Sr(y, @)

—

(using S%(x,y)(—i @, —m) = 6*(z —y)) We can derive the perturbation formula by iteration.

Se(w,a) = Sp(e,a) + [ d'yShla,y)eAly)Shiy. )

+ [ [ dind S el Spn, y)eAl) Splyn )+ (21)

We try a simple case, massless propagator in uniform external magnetic field...

We know that the massless free propagator is

o _ e
F 212 (x — ')t

Assuming the vector potential to be

A* = (0, Bz'¥,0,0)
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( Landau gauge for magnetic field in Z-direction) we can derive the first order correction for
Sp from (2.1):

Sr(x,2) ~ WJF y e / iy (Iyz“;;g)iyxf)f/)” (2.2)

Let’s calculate the integral that would appear when A is in first order of y:

(/Jw(@_?ﬁ%' — /d4 g;;)dm

where [ =x — 2/, y — y+ 2/. Use the Feynman formulas,

1 1 1

ab /ode[a9+b(1—0)]2
1 o2 1_/1 60(1 — 0)
a2b?  dadbab Jo  [ad + b(1 — )]¥’

to combine the denominator.

1 —/1d9 66(1 —0) / &0 66(1 —0)
=ysyt Jo (1 —y)20+y2(1 - [(y — 00)> + 126(1 — 6)]*
Make a change of variable: y — y + 6l. The integral becomes
! + ')y
a060(1-9) [ ay L=y ¥ )ty
/o 66( ly —l—l29 1—6)]*

Expand the numerator and integrate separately. Because of the null results from the integra-
tions of odd functions, the only terms remain are

1
_ 4
@ = /d 2+ 2o — o)
_ 4 YuYv
P = /dy[y2+z29<1—9)]4

= gul.
The integration becomes
1
/ d060(1 — 0)[(1 — OV, P, — (' + 01), Py — O, Py + (1 — O)L, (' + 01),00,Q)
0

To integrate P, () , we must rotate the contour of yq integral. We should notice that the poles
selection in Feynman propagator is equivalent to the rotation of integration contour of py into
—100 — 100. Therefore, to keep p - x invariant, we must rotate gy, integral into ico — —ico.

That is, replace yy by ys = 290
[y = =ifd
2 _ 2

V= -y & Y=y — Y — Y5 — Vi
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By letting ¢ = 1?0(1 — ), we get

P} =4P =

2
. d4 Y
Z/ Y=o

— / ridr sin® 0,d0) sin Oadfddy

= 227T/ dr——— r2

2 (7""0) 2

= B dr(r—c)‘“

—im?
3c
—im?
12¢

P =

In a similar way, we find
—im
6¢?

and

y (@ =)y —2'),
e i =y

1
/O d6.66(1 — 9){[(1 — O)ugp — (2 + 01)0 g — OG0

—(1 = O), (' + 01),01

+2(x — 2') (x4 2'), (z — x’)p}.

im? }
CGIR(1 = 0)2

x,)ugl/p -

Substitute the actual A and the above result into (2.2)

eB (2 = y)uy® (y — )
/ ~ P d4 L P
Sp(x,x") SF+4 4’}/ MYy / Yy (z — y)i(y — o')*
eB1

_ 0 _ _
= S (4m)?(x — 2

(z + x/>vgup — (v —

c)4

z7r/ dri

r°—c—r

—im?

1226(1 — )

17/),09#1/] (z — x/)z

)47“717p{[(96 — g — (& + 2)u g

—(z = a)pgpl(z — 2')’ + 2(x — )u(o +2') P (@ — 2), )}

eBi

— 59—

Use the anticommutators of -,

Yt =29 — vV = 29 — ¢

(47m)*(x — ')

i — 2o + ) (e — '), — 202+ 2) P2

)

{(z -

(V1Y = V) (@ — )+ 2z + 7))
— fL‘/>2}.

— PP,

— 5=



We move y(x — z’) ahead and get

=) ieBy(z — 2')(x — o)1 (z + /)@
Sl a') =~ om2(x — ')t Am?(x — x')* i
ieBy*(x — 2')1 = n(z —2")?]  ieBy(x —a)[y* ]
8n2(x — a')? 1672 (z — 2')?

after substitutions and reductions. This is the first order propagator of massless Dirac particle
in constant magnetic field!

ITII. Proper Time Method

Proper time method is used to solve the linear differential equations for Green’s functions,
that is, the propagators of physical systems. The Green’s function, G(x,z’), of a linear
differential operator, H(z,i0), satisfies

H(z,i0)G(z,2") = 0(xz — o).
We can regard G(z,z’) as the matrix element of an operator
G(z,2) = (z|Gla")

and introduce position operator, (x|z|z’) = xd(x — 2'), and momentum operator,(x|p|z’) =
i06(x — a') = —idd(x — x'). ( Space-time coordinates become a hermitian operator with
eigenstate |x) satisfying (x|z') = é(x — 2’) ).

The original equation becomes the z-representation of the operator equation,
H(z,p)G = 1.

Our job becomes to solve for the matrix elements of the inverse operator of H(x,p).

For we not knowing the matrix element of H(z,p)~!, we are trying to represent it by
other operators that we have known their matrix element. For instance,

G = WeeA—m)™ = @om) LA m) )

o0

= (F=m)" D leA(y—m)"]"

n=0

= ) mm) A (P —m) T+ (P m) A (P m) A (=) 4

where the matrix element of ( —m)~! is just the free propagator of electron and the matrix
multiplication is just the volume integral of space-time coordinates. This results in the well
known perturbation method!

The proper time method is using the transformation formula,
s=

=AY (3.1)

s=0

%) ) .
z/ e ds = i(—iA)TteHs
0

-



to represent H(x,p)~! with exp[—iH (x,p)s], solving the matrix element and integrating with
respect to s to furnish G(z,2"). We call exp[—iH (z,p)s| the evolution operator, U(s), of the
“Proper Time”, s. The definitions of the proper time evolutions for general operators and
states are:

e—iH(m,p)s
U~ Y(5)OU(s)
p(s)) = U Xs)le)

s)

888(9(5) = iH(x,p)U " (s)OU(s) — U *(s)OiH (x,p)U(s) = i|H(z,p), O(s)] (3.2)
[p(s), x(s)] = U~ (s)[p. 2]U(s) = ig
£i£1(1)(x|U(s)|a:’ = (z]2') = 6(z — 2')

If we can use these formulas to represent p(s) with z(s) and z(0) and arrange H|[x(s), p(s)]
into a polynomial, F[z(s),z(0); s], where x(s) goes before z(0), we can get the equation that
the matrix element of the evolution operator must satisfy:

i;<$(8)|x'(0)> = (a(s)[H[z(s), p(s)]|2"(0)) = (x(s)|F[x(s), z(0); s][2"(0))
= F(z,2';s)(x(s)]2'(0)) (3.3)
Integrate it into .
(x(s)]2'(0)) = exp [ — z/ ds'F(x,2';$)|C(x,2), (3.4)

use the foregoing conditions to fix C'(z,2') and what remains is the integration with respect
to the proper time ‘s’:

Gla,a') = (alH(w,p) o) =i [ ~ds{ale " |a)

= i [ dsa()a'(0)

IV. Dirac Propagator in External EM Field

The Dirac field equations and commutator is

(i —eA —m)y =0,
(=i P —eA—m) =0,
{U(x1), 9, 1)} =700 (x — ), (4.1)
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and the Feynman propagator of Dirac field is

Sp(z, ') = HOIT(( )¥(2"))[0) i
= i0(wo — ) {0[¢)(2)1b(a")]0) — i6(xf — x0) (0] (2")2b(2)[0)

1, >0
0@)5{0 r<0

According to (4.1), we know it’s a Green’s function of Dirac equation:
(i) — eA —m)Sp(z,2") = 70(0{(z), v (a")}0)d(zo — ),
= §(x —a');
In the case of free field, we can get it by differential of scaler propagator:
Sp(x,a’) = (Zﬁ + m) (
e~ (z=2') (4.2)

m2—|—25

The purpose of the ¢ here is to select the correct pole ( The pole is p = —m for ¢t > ¢’ and
p=m for t <t ) to meet the requirement of time ordering.

Of cause, we can let U(s) = exp|[—i#] to calculate the propagator G = (# —m)~! in
external EM field. ( where m = p — eA ) But, in this manner, we are unable to represent p(s)
(or m(s) ) in terms of z(s) and z(0)! Just as the free propagator , we come to the matrix
element of G = [(m — #)(m + #)] 7' = (m* — #*)™" (just like the scaler propagator above )
than apply —(# +m) on G(z,2’) to get the desired result.

We define the H and reduce the v matrix.

12 1% 1 v 1 v
o= Yymm, =y — r, ) = 5{7*‘,7 b, — 37 VT,
1
= m’— Th Y ][W/MTV]
= 72— gaw,F"”

e
HEm2—7/2:m2+§O'W,F‘uV—7T2

using o = L[y, 7] and [, ™) = [i0, — €A, 10, — eA,] = —ieF,,. ( We define H as
m? — 7#* instead of 7#*> — m? because of the unwritten ie following the m?(refer to (4.2)). In
such arrangement, e~*** will approach zero under the transformation of (3.1) as s — oo!) By
the formula (3.2), we can get the equation of motion.

Do) = ilH,2,(9)] = ~ilr(s), ()
_7:77-1/(5)[71-1/(8)7 $#(S)] - i[ﬂy<8)7 .T#(S)]ﬂ'y(s) - _iﬂ-y(s)igu,u - iigZ?T,,(S)
= 2m,(s) (4.3)



gou(s) = ilH,mu(s)] Zi[—WQ(S)+§0VPF””[x(S)]77Tu(S)]

= i () (5), mu5)] = il (), (N (5) + 5 0 [F ()] muls)

= en(s) Eyu[o(s)] + eFu [e(s)]7" () + S0, [ (s)

= 2eF,[o(s)]7(5) = [eFla(s), 7 ()] + 50O Fpla(s)]

= 26E,, [a(s)]"(s) + 10D, [o(s)] + 5070, [ (s)] (4.4)

By using these equations, we can represent H in terms of z(s), z(0) in some cases and
construct more convenient conditions for C(z, z’) from (3.2).

(107 — eA(x)|(z(s)|2"(0)) = (x(s)[m(s)2"(0))
(10" — eA(2)(z(s)[a"(0)) = (a(s)[m(0)]2"(0)). (4.5)

The Dirac propagator becomes
Se(w,a') = —[ip = eA(x) +mli [ ds(a(s)|a’'(0))
—i /Owd8[<x(8)lﬂ(8)lfc’(0)> + m(x(s)|'(0))] (4.6)

V. Constant Field

In the case of constant field, (4.3) and (4.4) reduce to

d d
£m(s) = 27(s), %W(S) = 2elF'm(s)

We skiped the summation index between tensors of rank two or rank one.( That is, regard
them as four dimensional matrixes and column or row vectors. See appendix.) We can get

m(s) = e*F7(0)

62er -1 (51)
—2(0) = ———m(0
2(s) = 2(0) = = (0)
from the equations of motion. Therefore,
eF eer
= —x(0)]. 5.2
(s) = gt sy (5) = 2(0)] (52)
Because F' is antisymmetry, we have
1 —eFe s gFecls

() = Z[m(s) — 2(0) 2sinh(—eF's) 2sinh(eF's) [z(s) = 2(0)]
= [z(s) = 2(0)]K[z(s) — (0)]

-9 —



(eF)?sinh™?(eF's). Use the commutator,

p

0] = (S w0+ 20). 000
- () 00 = (S) Vi

e2eF5 -1
= (=)
eF’ w

to move xz(s) ahead of x(0).

(eF)2 €2er _ 1) " (GF eer + e—er eF>
= itr| — i

Ko (s), 0, (0)] =it (e
() O = G2 (oFs) oF 2 s — s | D

= %tr[eF coth(eF's)]

m(s) = K"[zu(s)z,(s) + 2.(0)2,(0) — 2,(5)2,(0) — 2,,(0)z,(5)]

= K"[z,(s)x,(s) + x,(0)x,(0) — 2x,(s)z,(0)] + %tr[eF coth(eF's)]
We used the conditions that K is symmetric and F' is traceless. Use them to represent H.
H=m*+ §<U - F) —2(s)Kz(0) 4+ 2x(s) Kz(0) — z(0)Kz(0) — ;tr[eF coth(eF's)]
This is just the F(z(s),z(0);s) in (3.3). We can derive
(x(s)|2'(0)) = C(z,2) eXp[—i/SdS’F(a:,x’;s')]
= C(x,2")exp < — i/sds{m2 + g(a - F)—(z—2")K(z — 2')

_;tr[eF coth(eF's)] })

= C(x,2")exp { —im?s — ig(a -F)s+i(x — ) /Sdsw(:v — )
’ 2 4 sinh*(eF's)
1 s
—§tr/ ds[eF’ coth(er)]}
= C(z,2')exp { —im?s — Z§<U - F)s — %(m — 2')eF coth(eF's)(x — 2')
1 sinh(eF's)
—atr[ln —F +1In 5]}
1 , 1 sinh(eF's) i , ,
= ?C(x,x )exp{ §tr1nT Z(x x')eF coth(eF's)(x — z')

—im?*s — ig(a : F)s}

— 10 —



from (3.4). Substituting (5.1) and (5.2) into the first equation of (4.5), we get the equation
which C(x, ") satisfies:

[i0" — eA(x)]C(z,2") exp [ — i(:z: — 2')eF coth(eF's)(x — ') + -]

el el , , i , ,
= —m(x —2")O(z,2")exp [ — Z(w — 2')eF coth(eF's)(x —a') + - -]
= [i0" — eA(z) + eFieer]C(gr; x')exp | — 3(:1; —2')eF coth(eFs)(x —2')] =0
2sinh(eF's) ’ 4
= [i0" —eA(zx) + _ole + 1eF coth(eF's)(x — 2')]C(z,2") =0
2sinh(eF's) = 2 ’
el

= [i0" —eA(zx) — 5 —(x —2")]C(z,2") =0

(mist. “--” is the part independent of x). Similarly we can substitute them into the second
equation of (4.5):
/ F
[—id" — A(x') + %(:B — C(z,a') = 0

Use them to fix C'(x,2'):

z 1
Cla,o') = Coxp{ — e [ delA(€) + 5 F (e~ ")}
C' can be fixed by using the fifth equation in (3.2). As s — 0,

) 0) = e —ie [dlAE©) + L F(E~ )] - Serln shnblels)
—i(x — a')eF coth(eFs)(x — 2') — im*s — ig(o' : F)s}
iz — o)

4s I

- ?exp[—

Because this should become d-function, we have

1 = /d%— exp [ W]
—1 141 3
- 32 W 47rs - (W 47s)
= i(4n)*C
and C' = —i(4m)~2. So
(x(s)]2'(0)) = (47T exp{ ze/ d¢[A —F( -2 - ;trlnmj:(}fs)
—i(:c — a')eF coth(eFs)(x — 2') — im*s — %(a . F)s} (5.3)
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If we restrict the integration along straight line, we have [d&[A(E) + 2F(€ —2)] = [dEA(€)

2

and
Sp = —(i) — eA +m)i /0 ds(z(s)|2' () (5.4)
= =i [ ds(a(s)| (5 + m)la'(s))
oo eF e°fs
- d - (=1 ! 5.5
i) s Y gmrery (7 #) ] (sl () (55)
If it is integrable, we’ll get the exact solution in constant field!
VI. Plane Wave
In plane wave field, we assume the vector potential of the external field is
AN = gllf(é-)a
where £ = n -z, n? = 0 and n is the propagating direction of the wave and €2 = —1 is the

polarization direction. The field tensor is

F= ¢f’(€), Qb,uu =NuEy — M€y,

We know n - & = 0 from Maxwell equation so we have ¢, ¢", = ntn, and the equations of

motion reduce to

%x(s) = 27(s)
L 2(0) = 200m(9) F(E()) + (o~ 6)F(E())

We can derive

d
£[n7r(s)] =0 = nn(s)=nm(0)=nnw

Ces) = 2mm(s) > E(s)—£(0) = 2nms

o i o )
2 [om(s)) = 2en(nm) f[€(5)] = ne =2 FIE(s)] = ne - fIE(s)]

= omneflE} =0, €= 6m —neflE(s)]
= nC =0, ¢C=q¢pr=n(nn), C?=mndom = (nm)?

and the commutators

(6.1)



We can integrate out 7 by using C' to eliminate the ¢ in the equations of motion.

dm(s) d e

1) = 2e(C e E) + i Gl e
d 2f2 S (o "1€(s
— dg(s){ZeCf[f(s)] +ne* fFE(s)] + gnlo - 9) €G]
i 14
de(s)  2nmds
—n(s) = 5 —{2eCf[E(s)] + ne* PIEE)] + Sl O} + D (62

With 7, we can integrate out x from the equations of motion:

() = 0) = gz [ dCRRCHO) + 1 0) + Gl Q) +2Ds (63

( where we convert the s integration into ¢ = £(s) integration ) Conversely we can also
eliminate D in 7 and represent n7 in terms of [£(s) — £(0)]/s:

m(s) = 55(5)2—893(0) " E(s) _85(0)]2 /;;;)dC[QeCf(C) +e*nf?(¢) + %n(o' ) ()]
i) —g0) 2O+ (s + gnla - ) IE)]) (6.4)

At the same time, C' can also be expressed as

_ ¢lz(s) —z(0)]  en §(s)
€= 2s £(s) — £(0) /£<o>

Next work is to square 7 and arrange x(s) ahead of x(0). (£(s) and £(0) are commute at this
time so we can ignor their ordering.) n? = 0 and Cn = 0 make many terms vanish. x(0) can
be expressed in terms of z(s), 7(s),£(s) and £(0) by (6.4). z(s) commute with £(s) and has a
eliminated communicator which has n factor with £(0) so

d¢ f (<) (6.5)

[z(s),z(0)] = [z(s), —2s7(s)] = 8is

After calculation, H becomes

[12(5) = 20()2(0) + 22(0)] = 2+ (6% + i + (o ) LA EO)

and

SR LI (O N I I [ (SRR
= [ %=t ~ Lo “To -0

where beside eliminating n? and C'n we also substitute and reduce C' with (6.5). Using

[2(s) = 2(0)]plz(s) = x(0)] = [2(s) — 2(0)]"(nue” — eun”)[x(s) — 2(0)],
= ¢[é(s) = £(0),z(s) — 2(0)] = 0,



“d@(@ FIE()] — FIEO)

£(0)
and (3.3), we derived the equations (x(s)|z’(0)) satisfies and integrate out

<x@ﬂym»::0f;ﬂﬁmp{_i@t;f)_%k%dp>+ﬂf4_;b.@fﬁﬁ—f@”h}

D [l | el

o /dc%cﬂ0+enF@H—n< ()

25 C(€- 5’ 2
£ §J2d?f@>++3nf &)+ §n( -9)f'(6)]

C— x—x _ en / Cf
r—x

0" (a(5)]a'(0)) = [°Cr, >1i2exp{ }+o<m>iexp{ Hei{ T
(€= E)F(On —n [Sdc () ) \ (€~ €07 (€n — n [EdCf(Q
Sy [/t =]

where

To fix C(x, '), first we have

(x(s)[m(s)|2'(0)) =

+

/

/

£(¢
e € o) = (&)
LB E = = nlf () ~ (€ ﬂ}
2 e '

Most terms in it will cancel out each other after substituting into the first equation of (4.5).
The equation that C(z,z") satisfies is
{ ]} (x,2") =0.

{z@m

If we let s =0 in (6.2) and eliminate D by (6.3), we get

_ x(s) — z(0) _ 3 &) o o2n £2 Clo - /
m0) = T T S EOI Ly C2CHQ + Q) + Salo ) Q)

+44:L4fmawk(n+enfg(n+9nw-@fkwﬂ}

£(s) —£(0) 2
Similarly, we will get another equation by substituting into the second equation of (4.5).
— 0" — eA(x _egb(x—x’) — /}}C'x,x/ =0
{ R N VA A TR

So, we have

C(z,2') = Cexp ( — e /;dy{A(y) - Qﬁ(y—l")[/;'ydgnf(g;)gl — fn y)} })

n-y—¢ "y

— 14 —



where C can be fixed by d-function condition as in constant field case. The integral would
reduce to [ dyA(y) if we restricted it on straight line. The final result is

(02 0) = gy e { e [y A = LT

10 1))

—i[*(5%) +m + =(0 - ) =

2
From (4.6), the Dirac propagator is

Sp =i [ as]i (M5 = S [RECHO + Q) + o )7 (0)

5 E-or e
2C1(€) + () + (o - 6)'(€)]) + m| ()]’ (0)

2

(6.6)

S

g

VII. Expansion With Respect To e

After above result, we’re ready to integrate the last integral to complete the solution.
The first ideal is to match with the known result in limiting case. Let m =0, e = 0:

e [ —i —i(x — 2)? o1 —4 —i(x — 2/ )? 5=
Se = —~igi [ d - -
r wi 0 8(47r)232 P 4s Zﬁ(47r)2 . i(x —a')? P
—1

S CEE s
1w — )
212 (x — a')4

48 s=0

Now we turn to constant field. We know the integral can be integrated when m = 0 and e = 0
so we try to expand it with respect to e and see if we can integrate it term by term. The result
turns out to be that each order in the expansion of e has the form as s~2expli(x — 2')?/4s]
multiplied by polynomials in s:

I R LC T
e P e e i
i —i(x — 2')?
v = (47)2s2 P 4s X (7.1)
ou [ 1 0 In[(eF's)~ ! sinh(eF's)] i
7 i [ deA(E) — Ste(F Yo F
de U(e){ Z[r’ SA(E) 2 (s 8Ser) ) 2(0 )s
i n o O0eFscoth(eF's ,
—g(x—x)Fs B(cFs) (x x)}
Or, by expansion formula,
inh
nsmx . = g0? — gt + et 4
zeothw =1+ 127 — Lot 4+ Zab+ .-,
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we find
U'(0) = U(0) [ _ z'/:dgA(g) — (0 F)s

2

0"(0) = U(0) { ~i [lagace) - ;<a - F)s} g U0tk - ig(x — SV (z — o).

Arrange in the order of s.

U"(0) = { U deA(e } —[o F/dgA 6(x—x)F2(x—x) s
1 1
—[trF? + ~(0- F }
[Gtr +4(0 )%)s?
We now read the result of first order from (5.4).

S~ —(p—ef)i [ ds[U(0) + eU'(0)
. 1 , x ie
= (7~ eA)W{IO ~ie| [Caga©)|1 - o Fyn
where we factor out the integral in s and symbolize it as I,

2
00 o i1 x—a
[nE/ dSSn 26 Qs ’ a ( )
0 4

fo= i i(x — a')?
a(?za)ll _Io == I an[—f-Cl
Substitute them into Sg:
o : —1 [T e —(z —2')?
Sy~ — (i) — eA)Z{W [1 ~ie || dgA(g)} ~ g Pl cl]}

Differential it and calculate up to the first order of e:

e ieyF (v —a')  ~y(x—a)e(o-F)
1— ze/ de(ﬁ)} + 82(z — /)2 1672(z — a')?

V(z — )
S ~~
P or(x — o

To compare this result with the perturbational one we make A* = (O,Bx(Q),O,O) =
¢/ Bz® in the above equation. This result in

_aAlI al/A —Bg#gl B,nggp,l
/de a:—x) (x4 2.

After reduction:
v(x — ') ieBy(z — 2')(x — o)1 (z + 2/)?
om2(x — ')t A2 (x — x')4
+z’eB[72(a: — ") =z — 2] deBy(x — 2')[y?, 7]
82 (z — a')? 1672 (x — a')?

Sk
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VIII. Divergent Integral and Infinite Constant

From above discussion, we know that each order of this expansion can be reduced to the
linear combination of finite number of I,,’s; (n = 0,1,---). Theoretically, we can integrate
out this order by order. But we find that these integrals are all divergent start from I;. We
can get the first order result just because we only use the differential of I; and while [; is
infinite its differential is finite. This give us an ideal to put the infinite part in the integration
constants and write the result with these constants.

Define the infinite constants,

—1
n_/ dss"™ exp—.

We now represent I,, with o and C,,.

4

8. I,=1,1 = f(a) I, =—i /a f(a) = F(a) + Const.

L) ,—, = F(1) + Const. = C,
= I,=F(a)-F(1)+C,

For instance,
I, = —i/ (na+C)) = —ilalna —a+ Cia) +i(Cy — 1) + Cs.

According to the equality in (7.1), the second order propagator is

o1 e 2 [icac)

ie? e 1

—{226( <1—ze/ dEA(E >+12(x—1:)F2(I—$)}[1—2[613 F? + le( 'F)2]I2}‘

The result will be available after substituting I, I;, I and perform the differentiation.

IX. Massive Free Propagator

For further calculations, we should derive the massive Feynman free propagator. Usually,
we use contour integral in complex variable and discuss the selection of right pole in (4.2) with
residue theory. Since we know that the proper time method has included the appropriate
boundary condition, we can directly integrate out the massive propagator from the proper
time result.

Let e =0 in (5.3). We find (5.4) becomes
Sp = —(i§+m)Gr
i(r —2')? 9

= —(i@—l—m)i/o dsmexp[—T—im s].
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The scaler propagator part is of the form:

oo N
J = / jefwzs —if3s (91)
0

2
(We let a = (x — 2/)?/4, 3 = m? and multiply it by 1/(47)2.)
After the change of variable,

s=¢e° = ds=¢e"dz.

s:0—=00 = 2z:—00— 00,

the integral becomes

9]
] = / dz e—ze—iae_z—iﬁez
—0o0

- iaaa /_o:odze_iaez_wez
e,

= —1..
Z@a

z

We notice that the linear combination of e* and e™* is just the linear combination of cosh z

and sinh z.

o0 . . . .
= Ic _ / dz efzoz(cosh z—sinh z)—i3(cosh z+sinh z)
—o0

_ /OO dz e—i[(,@+a) cosh z4(8—a) sinh 2]

To combine cosh z and sinh z we discuss two cases.

Case 1. For a > 0, let

coshf = fta = Bta
JB+a2—(F—ap 2/Fa
. 88—«
h = ——
sinh 6 N
then
Ic — /OO dz e—iZ Ba cosh(z+6)

9]
— / dz e—i2 Bacosh z
—o0

= —ﬂiHéQ)(Q Ba)
= —7i[Jo(2y/Ba) — iNy(21/Ba)]

where J, N and H are the Bessel, Neumann and Hankel functions! (see appendix)
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Case II. For a < 0, let

coshf = p-a _FP-o
C JB—ap-(Brap 2V fa
. 0+ «
ho = .
sinh SN
Similarly,
[c — /oo dz e—i? —Basinh(z40)
— /oo dz 6—1'2 —PBasinh z
= 2K0(2 —606)

mi[Jo(i2y/ —Bar) + iNo(i24/ —fa)]
= mi[Jo(2y/Ba) + iNy(24/fa)]

where K is the modified Bessel functions!

Combine these two cases.

I, = —0()miHP (2\/Ba) + 0(—a)2K,(2y/—Ba)
= —ime(a)Jo(2y/Ba) — mNo(2y/Ba)

. 1, >0
Therefore,
1= il g = n L fe(a)o(2y/Ga) — iNo(2y/Bar)
= Zaac—ﬂ'aaé@ 0 « 11V (0%

= 7mi(a) — W\/E[G(&)Jl(Z Ba) — iN1(24/fa)]
(About the differential respect to x of N,,(1/x), please refer to the appendix) We can substitute
a and ( in it.

1 (x —a')? 2mm (x — 2')?

Gr = GG~ e (g Ayl =2

—iNy(my(x — x’)Q)] }

1 N2 m
= Efs[(l’—f’?)]—

{el(z = &) i (my /(@ = 2)?) = iN (maf (= 2)%)}

8my/(x — ')
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and the Dirac propagator is

Sp = —z’@{iﬂé[(m _ )Y - e

The discussions of the d-functions that appear in above result or whether I. is defined
when « is zero are presented in appendix.

X. The Similarity between Plane Wave Case and Massive Free Propagator

If we investigate the integral in plane wave case we’ll find that it is the same with massive
propagator except to substitute the § with

f&) = (&)
§—=¢

instead of m?2. The only labor left is to apply —(i@ — e/ +m) on it.

C(0f%) +m? + (0 -9)

— (i) — eA +m) <GF’m2*>ﬁ>

< 0,0+ (A = m) (Gl iy )

m2=0

We can use (6.6) and the L, integral in appendix to derive the result.

Se(ea) = e | e [[ayaw) (S5 L+ g {eCs @ + nre)

(4)? 2 §—=¢
€ 1 1 ¢ 2 2 € l
Fgnlo - Q)] = g [[AC2CFQ) +enf Q)+ Gn(e-6)f (O] L4+ mLo (10
where o and (3 are
o @eay
4
f(&) — f(&)

B o= @) +m’+ (0 0)

We skip further reductions.
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XI. The Result in Constant Field

We has known the massless propagator in constant field is divergent since second order.
After we worked out the integral I in massive propagator, we find the Iy in just I when (3
goes to zero. From the ideal of Gaussian Integral, I, can be derived by differentiating I with
respect to 0 for n times and letting § go to 0. Since we had represented the former result
with I,,, we simply replace [,, with L,, (see appendix) in which (3 is non-zero. Expand (5.5)
and use L, to represent the result after integration.

exp {— ie /:de({)}

= 1 [lazae) - S aea] -
|:,7 eFeer

m(x — ')+ m}

2
g N €Y N €78y
— Ly — Fr —
m+25(95 :zc)—l—2 (x —2') + 5
1 sinh(er)}

exp {— itrln Ia
eF's

Fao—a') +---

e?s?
= 1— — " ¢rF?24...
g e

exp(—ZZSJ-F>

ies e?s?

= 1= Zg. F=—""A(g-F)?+...
5 8(0 )° +

exp { — i(x — 2')eF coth(eF's)(x — 2')

— exp [ _ o) 4_;')2} {1 - i‘f;(x )P —a') + - }

We calculate to the second order of e. Multiplying these expansions and the factor
i

N2 o2
2exp{—(x—x) —st]

4s

—1

(47)32s

Sk is the integration with respect to s. We can write the result order by order.

Zero order: ,
m
1672

iy
3272

(x — ZL'/)L,1 LO

First order:

Y

L) / ngA(g)} L, 12‘; BF(:C — ) —im | "aEA(e)
—%(m — ') (o - F)} Lo — %(U - F) Ly
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Second order:
(11.1)

The o and 8 in L’s are.
(z —a')?

4
g = m?

o =

Beside the gauge factor term, we notice the higher order term in the e expansion has higher
order of s. That is, we must use higher order of Bessel function to expand the solution.

XII. Conclusion

Generally, we understand that we can approach the solution of the Dirac propagator in
external field by perturbation method from free propagator. The integrations are easier only
in massless cases and are explicitly integrable only for special external fields.

From the calculations and discussions here, we know that we can use proper time method
to calculate the Dirac propagator in external field analytically. We found that the solution
of massless propagator are divergent since second order. Omne the other hand, we found
the difference between massive free propagator and the result in plane wave fields is in the
substitutions of the mass term. That is, the propagator in plane wave fields is exactly solvable.

(See (10.1)).

For constant field, we can’t derive a close form solution but we can expand it with respect
to coupling constant e’ and solve it order by order. (See(11.1)) In the calculations, we know
every order is convergent and has the form of Bessel functions. It likes to expand the solution
by Bessel functions and this guarantees the series is convergent if the solution is smooth.

Appendix

A. Conventions

To reduce the using of notations, we are to explain some conventions here. First, we
discuss the contraction of tensor:

1. For rank two tensors A, B,C - -- ; and rank one tensors x, v, 2
ry = x,y"
2 = x,zt
AB-.--Cxz = A", B™,,---C™ 1, o™
Ay = x,A"y"

A-B = AnB"

— 22 —



2. If the function f can be expanded into polynomials or serials, we can define the matrix
function corresponding to the function of rank two tensor:

n times
——
A" = AA---A
N or oo N or o
fls)= D> as" = f(A= > A"
n=1 n=1

B. Bessel Functions

The calculations in this report are highly related to Bessel functions. From ordinary text
books, we can find the following formulas for Bessel functions. ( Where €2,, can be Bessel,
Neumann, Modified Bessel or Hankel functions. )

Generating Equation

Recursive Formula

Qo 1(2) + Qs (2) = Q;Qn(x)
Q1(2) = Qg (2) = 290, (2)

Integral Transforming Formula
i o —ix cosh z
Hy(z) = — / dze
T J—00

1 foo
Ko(l') — 5 [ dze—zxsmhz

Expansions

C. The Differential of N,

Because N, (y/x) is complex function, we have to make more careful discussions of it’s
differential with respect to x at origin.
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We know that Inx is a function defined on positive real number with 1/z as it’s differ-
ential. While we continuously extend it over the whole complex plane, it is discontinue at the
origin. The amount of discontinuity while taking principle value is

Ine —In(—€) = —In(—1) = —ir
but the integral of 1/x doesn’t reflect this. So, we have to modify the differential of In z into

d 1
“lnr==—jr
nx imd(x).

The N, (y/x) expansion becomes ( refer to “Mathematical Methods for Physics” by Arfken )

Na(va) = W‘]( Va)In *—;ZT,HJFT (PIFE) + Fn+1)
_3"2: n—r—l)' Z) n

Only the principle value of In has discontinuity at origin so the modification term we have to
add is —iJ,(v/x)d(x)
That is,

N (VE) = LE N, A(VE) — Noa(VE)] = iu(VE)S().

This formula was used above while taking the integral of I and solving Dirac propagator by
differentiation to derive correct factor of §-function. (We surely can cover the d-function by
redefining NNV, but this results in a different form of solution from most text books.)

*KIf we define
Su(Vr) = 0(=2)Jn(V) + iNa (V)
the d-function resulting from the differentiation of the #-function will just cancel that of N,,.
d
Su(Vr) = =151 (V) = Spsa (V)]

1
dx 4z

It has no d-function here!

D. L, Integral

If we didn’t let m = 0 in above expansion for constant field, we would have the integral,

L, = /Oods g2 ias T —ifs
0
an
" I
OB
an

- 8&" {775(04) — W\/E[E(Oé)ch(Q Ba) — iNy(2 504)]}
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Let’s assume o #2 0, 3 > 0 and calculate some L,,’s

Ly = —ﬁ\/g[e(oz)Jl(Q Ba) —iN1(24/fa)]
L, = 2\/6_a[e(a)J1(2 Ba) — iNy(24/Ba)] — imle(a)J (24/Ba) — iN(24/ )]
= —irmle(a)Jo(2¢/Ba) — iNo(24/Ba)]

Ly, = —wﬁ[e(am(z Ba) — iNy(2y/Ba)]

After observing the leading L,,’s, we can proof the general form:

Ln:(—@')%< g)nl[e(a)Jn_l(Q Ba) — iNy_1(2y/Ba)] (D.1)

We turn to the explicit form of L, where n is any integer. We started from Lg, that
is I, in the above calculations but the most fundamental (or simplest) one is Lj, that is I..
Therefore, we can generate L,, for n > 1 by differentiating L; with respect to § or for n < 1
with respect to a.

o)
/ ds Sflefias_lfiﬂs
0

= —inle(Ba) Jo(2y/Ba) — iNp(2 ﬂaﬂ

= —in[0(Ba)Jo(2y/Bar) — So(2

( The benefit of using S is the convenience in the calculation of J-functions term) Here we
don’t assume positive 3 so we have to add the g factor in the e-function or f-function. (This
can be observed from the symmetry of o and 8 under the transformation, s — s71.)

8 n—1
2"1<) Ly, for n>1
L. — g
n a 1-n
it () Ly, for n<1
Oa
= L., = Ln+2
Bea

We only need to see the cases for n > 1:

n—1
L, = i”_1<a> Ly

B
= (=)™ <\/g) n_lx"_l (xa(%)n—lLb mist. x = 2\/5704
= ﬂ(—l)”( g)n 1[ O(Ba) Jn-1(2y/Ba) — Sp_1(2y/Pa)] — im(d-function term)
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where the d-function term, after calculations, is

(n—1)! & (=1) 1
k!(n—Q—k)!jZ:%j!(k—j)!n—l—j

n—2
(6-function term) = (ia)" ™" Y 6" > 7F(Ba)
k=0

With these result, the former expansions for arbitrary orders are merely algebraic calculations
without any integral or differentiation!
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